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Abstract. With the standard fibre being a coset manifold, the transformation of a 
connection form in a fibre bundle under the action of the isometry group includes a depen- 
dence on the fibre coordinate. Elimination of the fibre coordinate from the transformation 
rule implies that the standard fibre is a Lie group and that the bundle is a principal bundle. 
The dependence on the fibre coordinate is considered in the examples of the SO (4) action 
on an bundle and the S0(8) action on an 5"^ bundle. The nonlinear SU(4) action on 
an S'^ bundle is applied to the dimensional reduction of 11-dimensional supergravity and 
ten-dimensional superstring theory to four dimensions. A principle, consistent with higher- 
dimensional superstring theory, is suggested to explain the types of gauge interactions that 
arise in the standard model based on the geometry of the internal symmetry spaces. It is 
shown why a Lie group structure is required for vector bosons in pure gauge theories and 
that the application of division algebras to force unification must begin with the fermions 
comprising the elementary particle multiplets of the standard model. Gauge transforma- 
tions in quantum principal bundles, using generalizations of left and right multiplication 
and connection forms, are shown to satisfy conditions similar to those in classical gauge 
theories. 



1. Introduction 

It has recently been shown that superstring theory possesses improved finiteness prop- 
erties at each order [1][2][3] and at large orders in the series expansion for scattering 
amplitudes [4], suggesting that a consistent quantum theory containing general relativity 
in the low-energy limit has been obtained. Phenomenologically relevant models of ele- 
mentary particle interactions might also be included for a suitable choice of superstring 
vacuum [5]. A principle for selecting a specific superstring vacuum would be needed as a 
theoretical basis for any choice of ground state. One possibility, motivated by topology 
change arising in the path integral for quantum gravity [6], would involve an integration 
over different background geometries, dominated by a sum over solutions to the string 
equations of motion, with the geometries weighted by a factor involving the analogue of 
an action on the space of renormalizable 2-dimensional field theories, similar to the 
Zamalodchikov c-function [7] , or a string field theory action based on the noncommutative 
star product [8]. Alternatively, one might wish to consider a principle directly constrain- 
ing geometries associated with a Kaluza-Klein unification of general relativity with the 
elementary interactions. 

The attempt to unify the elementary particle interactions with gravity has gradually led 
to the development of new theories, which may be regarded as generalizations of standard 
gauge theories [8] [9] [10] [11] . String field theory, with a BRST symmetry group, and rational 
conformal field theories with a quantum group symmetry, are examples of theories involving 
generalizations of the Yang-Mills gauge group. 

A formulation of generalized gauged theories can be achieved by considering a larger 
category of bundles than the principal bundles. In a previous investigation [12], a physi- 
cal requirement imposed on the transformation rule of the connection form for a general 
bundle led to constraints on the types of geometries corresponding to Yang- Mills theories. 
Furthermore, the category of principal bundles is selected uniquely by these conditions. 

One consequence of this result is that bundles with an S"^ fibre do not directly corre- 
spond to Yang-Mills theories. This provides an explanation for the lack of gauge invari- 
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ance of an octonionic generalization of Yang- Mills theory [13] and the absence of a gauge 
principle in anti-symmetric tensor theories based on the octonion algebra [14]. This is 
particularly relevant for an approach to force unification utilizing an identification of the 
internal symmetries with the different division algebras [15] [16] and associating the number 
of types of elementary particle interactions with the number of division algebras, related 
mathematically to the parallelizability of the spheres [17] [18] [19]. 

As the bundles with and S"^ fibres are of interest theoretically, a closer study of 
transformations of the connection form for bundles with the structure groups given by the 
isometry groups of these spheres is initiated in this paper. Several results are obtained 
with regard to the fibre coordinate dependence of the transformation rule of the connection 
form for these bundles. Special use is made of the properties of the fibres in the analysis 
of the generalized gauge transformations. Similar considerations are applied to the newly 
developed quantum principal bundles [20] [21]. Implications for theories with generalized 
gauge invariance are discussed. 

2. Gauge Potentials and Connections in Fibre Bundles 

Yang- Mills theories can be interpreted mathematically in terms of principal fibre bun- 
dles (P, 7r,M) with fibre F being diffeomorphic to the structure group G. A choice of 
connection determines the decomposition of the tangent space Tp, at the point p in the 
bundle space P, into a vertical subspace Vp, which is isomorphic to the Lie algebra of G, 
and a horizontal subspace Hp, which is invariant under the right action of the group. In 
the formulation of Dieudonne [22], a principal connection C: T(M) x P — > T{P) satisfies 

(i) T(7r)(C(/i,,p,)) = op{C{h^,p^)) ^ xeM, h:,eT^{M), p^eP:c 

(a) hx C{hx,Px) is linear in 
(m) C{ha;,pa;-a) = C{ha:,Px)-a 

(1) 
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It may also be regarded as a choice of horizontal subspace Hp C Tp{P) such that 

(i) Tp = Vp(SHp 

(ii) yaeG,peP {Ra)*Hp = Hpa (2) 

{Hi) Hp depends dif ferentiably on p 

There is a basis for the Lie algebra ^ = Tg (G) consisting of left-invariant vector fields 
^i. The basis {^j} can be mapped onto a basis {^*} of Vp since e*^* is a one-parameter 
subgroup of G, which acts on P, the bundle space, by right multiplication 

{^*)p-f = |/(Pt)L=o (3) 
The connection 1-form is a surjective linear mapping of T(P) onto Q. 

^P-Cp ^ tp\Cp - C(T(7r) • Cp,p)) tp-.^i^ (4) 

If Ta; e P such that TT{rx) = X and s e G, then 

C{T{7T)-{Cr^-s),r,-s) = C(T(7r)-C...„r,-s) 

(5) 

= C{T{7t) -Cr^, r,-s) = C{T{7t) -Cr., r,)-s 

As tr^.s{u) = {tr^{ad{s) ■ u)) ■ s, 

^(r-x • s)(Cr, • s) = t-^.siCr^-s - C(T(7r) • Cr..^, r^; • s)) = aci(s~^)a;(r,c) • Cr. (6) 

and {Ra)*(jO = ad{a~^)(jj. 

For a general bundle {E, M, tt, F) and a C°° section s of E over x e M, the connection 
C{hx, s{x)) satisfies the conditions (1), and since E can be identified with the trivial bundle 
M X F locally, in a neighbourhood of x, 

Cihx,six)) = C{hx,y) = iix,y), ihx,Cxihx,y))) yeF (7) 

where Cx ■ Tx{M) x F ^ T{M x F)\x, which is a bilinear mapping when F is a vector 
space. The covariant derivative then can be defined in terms of sections of E 

^7il)i^h.-') = Tx{s)-hx - Cihx,s{x))eT,^x)iE) (8) 
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where Ts(^) : Tg^^^{Ex) — > E'a; is a tangent space mapping. 

Returning to the consideration of principle bundles, u takes its values in Q so that 
(jj = (jj^^i where a;* are real-valued 1-forms. The existence of a global section is equivalent 
to trivializability of the bundle, while the choice of a global section is a choice of gauge. 
The gauge potential — A^^i, defined on the base manifold M rather than the bundle 
space E, are the components of the connection 1-form. Let {Ua} be an open covering of M 
such that 7r~^ (Ua) ^ Ua x G corresponding to the trivialization ip : 7r~^ (Ua) Ua x G, 
V'(p) = {fpip)i 4'{p))i 4'{pO') = </'(p) ■ cb- Then there exist a preferred set of local sections 
(Tq,(x) = p-4>a^{p) — V'a ^(x, e) defining the 1-form Ua — (crQ,)*a; and the gauge potential 
on M 

A choice of section corresponds to a choice of coordinate system in E and a gauge transfor- 
mation implies a change of coordinates. If a'^ {x) = aa (x) -gi^x) , then 
g~^dng. The curvature form is f2 = Duj — du) -\- |[a;,c<;]. Again, 

= {(^a)*^ = ^F^a),,lydx^' Adx" and F^Z'^ = ^-^F^^^^. The Yang-Mills action can 
then be constructed 

I = - I nA*n (10) 

Now suppose that (t{x), a'{x) = a{x) ■ g{x) e E^; and p is a representation of GL(F) 
in an associated vector bundle with total space E and standard fibre F. Then 

(11) 

^((^* • '^m) = <^{Rp{g)* ■ {(7* ■ ■^m)) + ^{{(^{x))* ■ {L(p(g)* ■ Cm)) 
by the linearity of w, which follows from the linearity of C{hx,Px) in the first argument. 

Thus, when the fibre F is a vector space on which the structure group G acts linearly, 
the connection in the principal bundle can be used to define a connection in the associated 
vector bundle E(M, F, G, P). Given an exterior covariant differential Vx, the curvature 
may be obtained through the commutator [Vx; Vy]. 
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For an associated bundle with arbitrary fibre F, a connection can be introduced so that 
the horizontal lift of any tangent vector hx G Tx{M) can be defined. For each section 
a : M ^ E, a^hx — Cx{Xx,(r{x)) G V(j{x){E), where the vertical subspace Vcr{x){E) 
is the tangent space to the fibre through the point (t{x) of the bundle E. By analogy 
with principal bundles, a connection 1-form can be constructed, although it would be 
necessary to compare vertical tangents at different points on the fibre. When the fibre 
may be identified with a group manifold G, group multiplication carries tangent vectors 
from one point of G to another in a unique way; all tangent vectors can then be mapped 
to the tangent space at the identity element, where they can be compared. This allows 
one to deduce the transformation rule for the Yang-Mills field A^. A similar method for 
transporting vectors on fibres which are not vector spaces or group manifolds would be 
required for the transformation rule of the connection form uj^^^ under a change of section. 

3. A Modification of the Kaluza-Klein Ansatz 

A new perspective on the derivation of Yang-Mills theories is obtained using Kaluza- 
Klein theory. If the extra dimensions describe a coset manifold G/H, insertion of the ansatz 
metric [23] of the total space 

where Kia{y) represent the Killing vectors on G/H, into the action 

S = J d'+^z (dete) ef e? z = {x,y) (13) 

and integration of the y-coordinates gives an action containing four-dimensional gravity 
and Yang- Mills theory with gauge group G. The general coordinate transformation of 
the off-diagonal components of the metric g^a implies the gauge transformation in four 
dimensions 

A;{x) ^ A;{x) + d,e\x) + r,,e\x)Al{x) (14) 
upon use of the Killing vector equation and the Lie derivative relations £KiKj = p jj^K^. 

Suppose, however, that the off-diagonal components are replaced by A^^[x)Eia.{y) where 
{Ei\ represent smooth non- vanishing, orthonormal vector fields on G/H, a property which 



would require parallelizability of the manifold and which holds for 5'^. Following the 
same procedure with the vector fields Ei, one finds a transformation rule that contains a 
dependence on y, because [Ei,Ej] — Pjj^{y)Ek. 

A possible resolution of this problem is to consider a fixed point y and only infinitesimal 
transformations about this point. This would imply that the original action is only given 
by an integral over x-coordinates, rather than over all of the dimensions. Now, under a 
general coordinate transformation, the higher-dimensional Lagrangian must vary into a 
total derivative dfiWi^ = d/JV^^ + daW°'. The integral of this total derivative over all 
of the dimensions of the total space would vanish, but it would be non-zero generally if 
the integral was performed over the x-coordinates only (unless there exists a point y on 
G/H such that daW"'{y) = 0). Thus, although the gauge transformation rule would be 
consistent under these conditions, the action would no longer be invariant. 

4. Gauge Transformation Constraints for an SO (4) Action on an Bundle 

Gauge transformations may be viewed as active transformations on the standard fibre. 
Leta{x) = yeG,a'{x) = a{x) ■ g{x) = y g e G. If ^eT,(M), 

a'^ ■ — Rg^a^-^ + Ly^g^ ■ ^ 

(15) 

— Rg^a^t:-^ + L(^y.g^^Lg-i^{g^ ■ ^) 

Given a connection form 

= L-y.g).n<-0 = L^^'g^MRs*^* ■ + V{L^y.g).Lg-.^g, . 0] 

(16) 

where V represents the projection onto the vertical subspace V(^x,a{x)){E) ~ V„(^x){E)- 
Since a;((T* • ^) = L~^^V(a-* • ^) 

^{f^'* ■ L~^.„uRg*Ly*uj{a^ ■ + Lg-i^g^ ■ ^ 
= ad{g~^)uj{a^- + Lg-i^g^ ■ ^ 
Setting ^ equal to 5^, one recovers the standard gauge transformation law 

4 = ad{g-')A^ + g-%g (18) 
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The dependence on y in equation (16) has disappeared, which is necessary if the theory is 
to be formulated in the four-dimensional space-time M. 



The transformation group could be made larger than the standard fibre in the principal 
bundle. Consider, for example, a bundle which has standard fibre and suppose that 
the group acting on this fibre is enlarged from SU(2) to S0(4), with S0(4) acting on 
by right multiplication. Two different homomorphisms lr, ll ^ SO (A) are defined 

by y = (2/0,2/1,^2,2/3) e 



( yo 
-yi 
-2/2 
V-2/3 



yi 
yo 
2/3 
-2/2 



2/2 
-2/3 
2/0 
yi 



2/3 \ 
2/2 
-yi 
vo I 



[yo 
2/1 
2/2 



-2/1 
2/0 
2/3 
-2/2 



-2/2 
-2/3 
2/0 
2/1 



-2/3 \ 
2/2 
-2/1 
2/0 / 



(19) 



so that y-y' = ihiy) y', with y' as a column vector, and y'-y = y'^ i^niy)- Recalling further 
that = y'-g <-> y'-^ -i? J, after identifying the row vector j/'-^ with the unit quaternion 
y' e S^, L'^y^j^Rg^Ly^ is the tangent mapping induced by the S0(4) transformation 

t-Liy ■ g)~^Rgi-L{y), or equivalently, iL{y)'^ R^[iL{y ■ g)~^]'^ acting on four-component row 
vectors by right multiplication. Since SO (4) is locally isomorphic to SU(2) x SU{2), 



Ri 



i^R{9o)t'L{9o)^ for some go, g^ e S'-^ 



(20) 



It then follows that 

iL{yfR^[iL{ygy 



i'L{y)'^i'R{go)tL{g'o)'^VL{{g'o ■ y) ■ go) 
>^R{9o)iL{yfiL{g'of[iL{9'o ■ yrY>^L{9oY 
i^R{go)i^L{go^)^ 



(21) 



which is independent of y. 



The second term in equation (17), Lg-i^g^-^ can be an arbitrary element of Te(S'0(4)). 



Lg-i*g* 



( 

-ci 

-C2 
-C3 



Cl 



-C5 



C2 
-C6 



C4 



C3 
C5 
-C4 




(22) 
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^ety-g = y'= {y'^, y[,y'2, y'^). Then 

V • ^9-^*9* ■ C = {-ciy'i - 02^2 - csy's, ciy'o + cey'^ - c^y'^, 02^0 - ce^i + £4^3, 

csy'o + csyi - £4^2) 

(23) 

where A^'* is a map from tangent vectors in Te(S'0(4)) to tangent vectors in Ty'{S^) 
induced by the mapping Xyf : g — exp{ciXi) — > y' ■ g — y' • exp{ciXi) with {Xj} 
being the generators of S0(4). Xy'^ ■ Lg-i^{g^ ■ ^) • iL[y'~^)^ is only independent of y' if 
ci = C4, C2 = C5, C3 = cq. So Lg-i^ • (^r* •^) must be an element of an SU(2) subalgebra, 
and g(x) must be an element of an SU(2) subgroup to maintain y-independence of the gauge 
transformation. 

Let {^i}, = 1, 2, 3 be the left-invariant basis of vector fields on . A section a{x) 
can also be regarded as a mapping from g G 50(4) to a{x) ■ g E E, so that it induces a 
tangent mapping from Te(5'0(4)) to V^(^x-^{E), the vertical subspace of the tangent space 
of the bundle. The connection form is a rule for comparing vertical components of tangent 
vectors at different points on the fibre and is therefore an isomorphism from Vc,(^x)iE) to 
Te{SO{4))\. While one requires u{a^ ■ ^u) G Te{SO{A))\. for an arbitrary section 
a'{x) = a{x)-g{x),ad{g-')[io{a.-^^)] + Lg-.,{g. ■ ^ T,{SO{4))\^^^y 

To maintain oj{(t'^ ■ ^^) G Te(5'(9(4)) ^ a compensating gauge transformation is 
needed. Since 

^[{(^i^) • 9{x)h\x))^ ■ ^ij] = ad{h'~^)[ad{g~^)u}{a^ ■ ^^)] 

+ ad{h'~^)uj[a'{x)^ ■ {Lg-^^)^{g^ ■ ^^))] + oj[a'{x)^ ■ {h'^ ■ ^^)] 
= ad{h'-^)[u{{a{x) ■ g). ■ i^)] + u^[a\x) ■ {K ' Cm)] 

(24) 

one may define 

= ad{h'~^{a,g)){ad{g~^)[u;{a^-^f,)] + i^g-i*(^*-C^)} + i^/i'-i(a,3)*(^'(cr,^)*-^M) 

(25) 

where h'{a,g) is an element of the stability group of a'{x). 
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Theorem. There exists a unique h'{a,g) such that Cij{cr'^ ■ Cm) ^ '^e{S0{4:))\^^ y 
Proof. 

Existence . Let go — exp{tiXi). 

Lg-'Ago. ■ Cp) = exp{-UXi) d^tj Xj exp{UXi) e Te(50(4))|^^^^ (26) 

Now a{x) ■ expitiXi) covers all of 5""^. Thus, if a'{x) = a{x) ■ g{x), in general, one can 
write g{x) = expitiXi) • h'~^ . Therefore, there exists an h' such that ad{{gh')~^)[uL){a^ • 
Cm)] + L^gf,,^-i{{gh')^ ■ Cm) e Te(50(4))|^^.^. The result then follows from 

ad{{gh')~^)[u}{a^ ■ ^^)] + L(^gh')-i*{{gh')^ ■ ^,_,) = ad{h'~^{a,g)){ad{g~^)[u}{a^ ■ ^,_,)] 

+ Lg-i^{g^ ■ Cm)} 

+ Lh'-i(a,g)*{h'{cr,g):, ■ Cm) 

(27) 

Uniqueness . Suppose ad{h"~'^){ad{g~'^)[uj(a^-^^)] + i^g-i*(5'* • Cm)} + -t'/i"-i*(^" • Cm) ^ 
Te{SO{4))\^^^y Let /i" = /I'/i. Then this implies L^-uiK ■ C^) G Te(^0(4))|^^.-^. Take 
/i = exp{tiXi + tiXj). 

-^/i-i*(/i* ■ Cm) = exp{-{tiXi + tiXi)){d^tjXj + d^ijXj)exp{tiXi + tjXj) 

= {df,tj)exp{-{tiXi + tiXi))Xjexp{tiXi + t^X^) (28) 
+ {dfj,ij)exp{-{tiXi + iiXi))Xjexp{tiXi + iiXi) 

As the generators of the two SU(2) subgroups commute, = 0, 

-£'/i-i*(/i* • Cm) = dfj,tjexp{-tiXi)Xjexp{tiXi) + d,j,ijexp{-iiXi)Xjexp{iiXi) (29) 

and L/j-i*(/i* • Cm) G 2^e('S'0(4))|^^ if and only if S^t,- = 0. We require that the relation 
a;«-CM) = ad{h"-'){ad{g-')[u;{a,-^^)] 

(30) 

+ Vi,(^,-Cm)} + L;,»-i,«-CM)eTe(50(4))|^^^^ 

holds not just at a single point xq e M but for all x in some neighbourhood U of xq. 
Therefore d^tj = must hold in all of U, implying that tj{x) = tj{xo) = constant 
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in U and h{x) = exp{ti{x)Xi + ii{xo)Xi). Both h'{x) and h"{x) must stabilize 
cr'{x) = a{x)-g{x)yx E U sothat a'{x)-h"{x) = a' {x)exp{ti{x)Xi + ii{xo)Xi). Defining 
cr'(x) = a{xo)exp{sj{x)Xj), Sj{xo) = where a{xo)exp{ti{xo)Xi + ii{xo)Xi) = cr{xo), 
it follows that 

a'{x) exp{ti{x)Xi + ii{xo)Xi) = a{xo) exp{-ti{xo)Xi) exp{sj{x)Xj) exp{ti{x)Xi) (31) 
Thus, 

exp{—ti{xo)Xi) exp{sj{x)Xj) exp{ti{x)Xi) = exp{sj{x)Xj) (32) 
is required for the path (t'{x) = a{xo)exp{sj{x)Xj) to be stabilized by h"{x). Since 

+ ■:^Si{x)Sj{x)tk{x)CjklCilmXm 

+ ^..(x)t,(.)M:^)c,-.c,,^X^ + ... ] 



,t,(xo)x,gS,(x)x, ^ exp[(s,(x) + U{xo))X, + ^t,(a;o)s,(a:)c,,feX, 

+ ^t,(a;)t,(a;o).fc(a;)c,fc,c,,^X^ 



(33) 



+ y^U{xo)s,{x)s^{x)c,,,c,,^X^ + 



Equating the powers gives 

1 1 

^mix) + -Si{x)tj{x)Cijm + (^i (a^)^j (a^)*« (a^) + U{x)Sj{x)si{x))CijkCklm + ... 

= tm{xQ) - ]^Si{x)tj{xQ)cijm + ^ (sj (a;)tj (a;o)tz (xq) 

+ ti{xQ)Sj{x)si{x))CijkCklm + ... 

(34) 

Assuming that Si{x) is small in the neighbourhood U of xq and equating terms with the 
same power of Si{x) gives 

— Sj(a;)tj (a;)cjj77j, + 'i^Siix^tjix^^iix^CijjfCi^iyYi -\- ... = '^Si{po)tj{xQ)Cij'ffi 

+ ^Si(a:)tj(xo)tK^o)ciifcCfcim 
+ ... 
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(35) 



Substituting the first equation into the second imphes that Si{x)tj{xQ)cijm + ... = 
or equivalently that Mij{x)tj{xo) = 0, where Mij{x) is a matrix of rank 3, and con- 
sequently, tj{xo) = 0. Moreover, exp{ti{xo)Xi) does not stabilize a'{x) since it does 
not stabilize any point on S*"^, particularly a{xo). Thus, ti{xo) = and h{x) = Id. 



being a fixed element in SO (4), which cannot stabilize more than one point on the path 
(j'{x) = a{xo)exp{sj{x)Xj), unless it is the identity element, which is the only common 
element in each of the stability subgroups of S0(4). Therefore, h"{x) — h'{x) is unique. 

Thus, one can make a comparison between the vector fields in the space spanned by 
{Xi} even under the action of an S0(4) transformation for the bundle. From equation 
(23), however, it can be seen that independence of the term Lg-i^g^ ■ ^ with respect to the 
fibre coordinate requires that g{x) must be an element of an SU(2) subgroup. 

5. Gauge Transformation Constraints for an SO(8) Action on an S"^ Bundle 

If the fibre is S'^, it admits a parallelism associated with the existence of octonions as 
an 8-dimensional division algebra over the real numbers. Consider the action of SO (8) by 
right multiplication on a trivial S'^ bundle. Suppose Lg-i^g^ ■ is an arbitrary element 
of the 28-dimensional Lie algebra of SO (8). Let an embedding of octonions in SO (8), 
so that left multiplication by y is represented by right multiplication by the matrix LL{y). 
Then, independence with respect to the fibre coordinate of the inhomogeneous term in the 
gauge transformation implies that Ay* ■ Lg-i^ ■ {g^ •^) ■ (tL(y~^)^)*, or equivalently that the 
row vector y ■ {(IabJab) ■ {LL{y~^)^), where Jab are generators of S0(8), is independent 
of y. Since 



The last result also follows from the property of h{x) 



exp{ti{xo)Xi + ii{xo)Xi) 



1\T 



/yo -2/1 -?/2 -2/3 -2/4 -2/5 -2/6 -2/7 \ 

2/1 2/0 -2/3 2/2 -2/5 2/4 -2/7 2/6 

y2 ys yo -yi -ye yi y4 -2/5 

2/3 -2/2 2/1 2/0 2/7 2/6 -2/5 -^4 

2/4 ys ye -2/7 2/0 -2/1 -2/2 2/3 

2/5 -2/4 -2/7 -2/6 2/1 2/0 2/3 2/2 

2/6 2/7 -2/4 2/5 2/2 -2/3 2/0 -2/1 

\y7 -2/6 2/5 y4 -2/3 -2/2 2/1 2/0 / 



(36) 
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the vector y ■ {cLabJab) ■ i^hiu = (0 ci C2 C3 C4 C5 cq C7) where 

ci = doi{yQ+yf) + {do2-di3){yiy2+yoy3) + {do3 + di2){yiy3-yoy2) 

+ (cio4 - c^i5)(yiy4 + yoVd) + {do5 + di4){yiy5 - VqVa) + {doe, - di7){y\ye, + VoVt) 

+ (rfo7 + di6)iyiy7 - yoye) - c?23(yi + ^s) + (-^^24 - (^35) (2/3^/4 - ^2^/5) 

+ (-(^25 + d34){y3y5 + ^2^4) + (-^26 - C^37)(y3y6 - ^2^?) + (-(^27 + C^36) (2/32/7 + ^2^/6) 

- c^45(2/| + 2/5) + (-c?46 - d^7){y^yQ - y^yi) + (-(^47 + d5e){y5y7 + VaVq) 



C2 = {dQi + d23){yiy2 - yoyz) + dQ2{yl + yl) + {dQ3 + di2){y2y?, + yoyi) 

+ (C?04 - C?26) (2/22/4 + 2/02/6) + (<^05 + <^27) (2/22/5 " 2/o2/7) + (<^06 + C^24) (2/22/6 - 2/o2/4) 

+ (do7 - C^25)(y22/7 + 2/0^5) + C?13(yi + ^s) + (^^14 " C^36)(y3y4 + 2/l2/6) 

+ (c^i5 + d37){ysy5 - yiyr) + {die + c^34)(2/3y6 - 2/12/4) + (c^i7 - c^35)(2/3y7 + ^1^5) 

+ {d45 - (i67)(-2/42/7 - 2/52/6) " (^46(2/1 + 2/1) + id47 " 46)(-2/62/7 + 2/42/5) 

+ ^57(2/5+ 2/?) (38) 

C3 = (c^oi +c?23)(2/i2/3 + 2/0^2) + (c?02 - c?i3)(2/22/3 - 2/o2/i) + c?03(2/o + 2/3) 

+ {do4 + d37){y3y4 - yo2/7) + (^5 + d3Q){y3y5 - yoye) + (doe - d35){y3ye + yoy^) 

+ {do7 - d34){yzy7 + yoyA) - di2{yl + yl) + {di4 - c^27)(-y2y4 - ym) 

+ (<il5 - (^26)(-y22/5 - 2/12/6) + ((^16 + ^^25) ("2/22/6 + 2/l2/5) + (c^l7 + C^24) ("2/22/7 + 2/l2/4) 

+ ((^45 - Ci67) (2/52/7 - 2/42/6) + (c?46 + (^57) (2/62/7 + 2/42/5) + (^47(2/4 + 2/?) 

+ C?56(2/i + 2/6) (39) 

C4 = (4i + c^45)(yi2/4 -^0^5) + {do2 + d46){y2y4-yoy6) + {do3-d47){y3y4 + yoy7) 

+ ^04(2/0 + 2/4) + (c^05 + C?14)(2/42/5 + 2/02/1) + (c^06 + C?24)(2/42/6 + 2/02/2) 

+ (C^O? - (^34) (2/42/7 - 2/02/3) + (<il2 + ^6) (2/22/5 - 2/12/6) + (t^l3 - (^57) (2/32/5 + yi2/7) 

+ di5{yf + yl) + (cZi6 + c^25) (2/52/6 + 2/12/2) + (c^i7 - d3^){d^d7 - yiys) 

+ id23 - C^67) (2/32/6 + 2/22/7) + (^26(2/2 + 2/1) + (^^27 - C^Se) (2/62/7 - 2/22/3) 



C5 = (c^Ol + cJ45)(2/l2/5 + 2/02/4) + (c^02 " C^57)(2/22/5 + 2/02/7) + (c^03 " cJ56)(2/32/5 + 2/02/6) 



47(2/6 + 2/?) 



(37) 



47(^1 + 2/7) 



(40) 
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+ {do4- di5){y4y5 - yovi) + c?o5(yo + 2/5) + (^oe -c?35)(2/5y6 -yoya) 

+ {do7 - rf25)(?/52/7 - 2/02/2) + {di2 + <i47) (-2/22/4 + 2/12/?) + ("^is + <i46)(-y32/4 + ViVe) 
- di4{yf + yl) + {diQ + dz4){-yAye, - ym) + {dn + c^24)(-2/42/7 - 2/12/2) 

+ (c^23 - C?67)(-2/32/7 + 2/22/6) + (<^26 + C^37)(-2/62/7 - 2/22/3) - C^27(2/2 + 2/?) 

-46(2/3+2/1) (41) 
C6 = (c^oi + 47)(yi2/6 - 2/0^7) + (c^02 + d4e){y2y6 + yoy4) + {dos - d56){y3y6 - yo2/5) 

+ (C^04 - (^26) (2/42/6 - 2/02/2) + ((^05 + t^36) (2/52/6 +2/02/3) +C^06 (2/0 +2/1) 

+ {do7 + (ii6)(2/62/7 + 2/02/1) + (C^12 + c/47)(2/22/7 + 2/l2/4) + (cJl3 - ci57)(2/32/7 - 2/l2/5) 

+ (c^i4 - c^27)(y4y7 - yiy2) + (c^is + (^37) (2/5^7 + 2/12/3) + ^^17(2/1 + 2/7) 

+ ((^23 - C^45) (-2/32/4 - 2/22/5) - C^24(yi + 2/4) + (^^25 - C^34)(-y42/5 + ^22/3) 

+ c?35(2/i + 2/i) (42) 

C7 = (rfoi + ^67) (2/12/7 + 2/02/6) + (c^02 - 47) (2/22/7 - 2/02/5) + (c^os " '^47) (2/32/7 - 2/o2/4) 

+ (cZo4 + C^37)(2/42/7 + 2/02/3) + (c^05 + ci27)(2/52/7 + 2/02/2) + (c^06-C^17)(2/62/7- 2/02/1) 

+ do7{yl + 2/7) + idi2 + c^se) (-2/22/6 - 2/12/5) + (c^i3 + c^46) (-2/32/6 - 2/12/4) 

+ {di4 - ^36) (-2/42/6 + 2/12/3) + (C^15 - C^26) (-2/52/6 + 2/l2/2) - C^16(2/l + 2/6) 
+ (c^23 - C^45) (-2/22/4 + ^32/5) + (c^24 + C^35) (2/42/5 + ^22/3) + C^25(2/2 + ^s) 

+ 44(2/3+2/1) (43) 

Altogether, independence of the q with respect to y leads to 21 independent constraints 

doi = —(^23 = — 45 = —47 

42 = dis = —46 = 47 

43 = —di2 = 47 = 46 

44 = di5 = ^26 = -47 (44) 

45 = —44 = —47 = —46 

46 = '^17 = —44 = 45 
do7 = —diQ = d25 = 44 

and Lg-i^g^ ■ ^ is required to be in the seven-dimensional subspace spanned by the SO (8) 
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generators {Xi\ i = 1, ...,7}. This result can be traced to the fact that although iR{g) and 
t'L{y~^)^ do not commute as elements of S0(8), 

y ■ iRig) ■ iLiy'Y = y ■ iUy-Y ■ inig) (45) 

because any two elements of the octonions form an associative algebra: 
y~^{y-9) = {y~^y) -9 ior y, g eO. 



Let Vf, = -^^e T„i^^){E). Then u;{v^) = Ly} ■ Vv^ and 

uiRg^v^) = Lj^.gyV{Rg.v^) (46) 

If Vfj, lies in the vertical subspace of To.(a;) (-E), V(i?g*f^) = Rg^Ly^u>{Vfj,). Representing left 
multiplication by a unit octonion Ly as right multiplication by an SO (8) transformation, 
denoted by Ra^ , one finds that 

Uj{Rg*V^) = R-i Rg,Ra^,Uj{v^) = Ri^ayga-\)M^ t^) (47) 

Defining ayga~}g to be h{y,g) G H, the stability subgroup of S0(8) for the origin o in 5"^, 
the connection form satisfies uj{Rg^v^) — g)*a;(f^). Independence of the homoge- 

neous part of the gauge transformation with respect to the fibre coordinate requires that 
h(y,g) does not depend on y. Let g <-> i?J = {cij),i, j = 0,1,..., 7. It can be shown 
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that /loo = 1) hoi = 0, z = l,...,7and 



hii = ivo + ?/i)(cooCii - ciocoi) + (yovs + 2/12/2 )(cooC2i - C10C31 - C20C01 + csqCh) 
+ (1/02/2 - 2/12/3) (-C00C31 - C10C21 + C20C11 + C30C01) 
+ (2/02/5 + 2/12/4) (C00C41 - C10C51 - C40C01 + C50C11) 

+ (2/02/6 - 2/12/7) (-C00C71 - C10C6I + C60C11 + C70C01) + (2/2 + 2/3)(-C20C3l + C30C21) 
+ (2/32/4 - 2/22/5) (-C20C41 - C30C51 + C40C21 + C50C31) 
+ (2/22/4 + 2/32/5) (-C20C51 + C30C41 - C40C31 + C50C21) 
+ (2/32/6 - 2/22/7) (-C20C6I - C30C71 + C60C21 + C70C31) 
+ (2/32/7 + 2/22/6) (-C20C71 + C30C6I - C6OC31 + C70C21) 

+ (2/4 + 2/5)(-C40C51 + C50C41) + (2/52/6 - 2/42/7) (-C40C6I - C50C71 + C60C41 + C70C51) 
+ (^5^7 + y4y6)(-C40C71 + C^qCqi - C60C51 + C70C41) + {yj + y7)(-C60C71 + CjqCqi) 

^ (48) 
where the remaining terms are obtained up to a sign by interchanging (cjo, Cji) with 
(ci2, Cjs), (ci4, Cjs), (ci6, Cj7). There are 60 independent constraints on the matrix 
elements (cij) following from the independence of hn with respect to y. Further conditions 
may be derived from the other hij . Since there are 56 non-trivial elements hij , at most 3360 
constraints arise and many of these may be redundant. Nevertheless, one would expect 
that there are no solutions to these conditions, as there are only 36 defining relations for 
SO (8). This is confirmed by a calculation of iL{y)'^ R^[iL{y ■ 9)~^V where 



Ri 



/ cos ti 
—sin ti 









sin ti 
cos ti 


















cos ti 
sin ti 














—sin ti 
cos ti 












cos ti 
sin ti 












—sin ti 
cos ti 















COS ti 

—sin ti 










sin ti 
cos ti 



(49) 
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From equation (48), one finds that for this choice of 
hii = (yo + yi)(coocii - ciocoi - C02C03 - C04C15 + C14C05 - C06C17 + C16C07) 

+ (?/2 + yl){-C20C31 + C22C33 - C32C23 + C24C35 - C34C25 + C26C37 - C36C27) 

+ ivl + y5)(~C40C51 + C50C41 + C42C53 - C52C43 + C44C55 - C54C45 + C46C57 - C56C67) 

+ (2/6 + 2/7)(~C60C71 + C70C6I + C62C73 - C72C63 + C64C73 - C74C63 + C66C77 - C76C67) 

= (2/0 + vDicosH + sin^t) + (yi + yl){cosH + sm^i) 

+ (yl + yl){cosH + sm^t) + {yl + y'^){cosH + sm^t) = 1 

(50) 

and /iij = 0, J 1. However, 

/i22 = {cos^ti - sin'^ti){yQ+y1 + y2+yl+yl + yl + yl + y7) = cos(2ti) 
h23 = -sin{2ti){yl + yl + yl + yl - yl - yl - yl - y^) 

(51) 

/i24 = -2 sm{2ti){y3y4 - 2/22/5 + 2/o2/7 + l/il/e) 

Thus, a y-dependent matrix is obtained when R^ is given by (49) or any e**^*. A y- 
independent gauge transformation rule from the SO (8) action on an 5'^ fibre, by anafogy 
with the tranformation of the connection form resulting from an SO (4) action on S'^, 
therefore cannot be constructed. 

Constraints on the connection form transformation rule can also be obtained for bundles 
with fibres that are submanifolds of S'^ . The structure group initially can be chosen to be 
any subgroup of SO (8) which preserves the submanifold. However, there also should be 
less conditions on the allowed transformations, because there are fewer fibre coordinates 
to be eliminated. Therefore, this leaves open the possibility of a residual gauge symmetry 
associated with the action of a subgroup of the original structure group on a submanifold 
of the standard fibre. 

For the S"^ bundle, one choice for the submanifold is = {y £ 'S'^ | j/g +^1 +2/2 +2/1 = 
1, 2/4 = 2/5 = 2/6 = 2/7 = 0}. Independence of the inhomogeneous term, or equivalently 
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ci, C7, with respect to j/i, leads to the 15 conditions 

doi = —d23 do2 = di3 dos = —d\2 

do4 — di5 — d26 — —^37 

do5 = —d\A = —d27 = —dse (52) 
doe — dir — —d2A — (^35 

C^07 = —d\Q = d25 = (^34 

and the generators of the remaining 13 transformations are Jqi — J23, J02 + J13, J03 — 
J12, Jqa + Jib + J2& — J37, Jo5 — JiA — J25 — J36, J06 + Ji7 — J2A + J3b, Jqi — J16 + J25 + 
J34, J45, J46, «/47, J56, J57 and Jq7. Independence of the homogeneous terms can be 
checked for these generators by establishing the y-independence of L^i?jL^^^_i, with Ly 
given by (36) after replacing j/j by — j/j when i = 1, 2, 3 and setting yj = 0, j > 4, and 
equal to the exponential of the generator. This property can be verified for the first 
seven generators and holds trivially for the last six generators. 

It is now necessary to note that the transformations generated by J04 + J15 + J26 — 
J37, Jo5 - Ji4 - J25 - J36, J06 + Ji7 - J24 + J35 and Jo7 - Jie + J25 + J34 do not leave 
invariant and instead map it into four-dimensional submanifolds of 5^, consisting of a one- 
parameter family of three-spheres. The coordinates of these four-dimensional submanifolds 
are, respectively, 

(yo cos do4, yi cos cio4, 2/2 cos cio4, 2/3 cos cio4, Vo sin do^, yi sin do^ 

y2 sin do4, - 7/3 sin do4) 
{yo cos do5, yi cos cZo5, 2/2 cos do5, 2/3 cos do5, - yi sin do5, 2/o sin do5, 

- y3 sin do5, - y2 sin do^) 

(53) 

{yo cos doQ, yi cos doe, 2/2 cos doe, 2/3 cos doe, -2/2 sin rfoe, Vs sin doe, 

yo sin doe, 2/i sin doe) 
{yo cos do7, 2/1 cos do7, 2/2 cos do7, 2/3 cos do7, 2/3 sin do7, 2/2 sin do7, 

- yi sin do7, 2/o sin do?) 

and since there is a bijective, continuous map to the coordinates {{{yo, Hi, 1/2, 1/3), I 2/o + 
2/1+2/2+2/3 = 1}) sach of these submanifolds is topologically x S^. Moreover, since the 
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maps between the coordinates are also diffeomorphisms, one might consider constructing 
an X bundle. 



However, the enlargement of the fibre from to x with non-zero entries in the 
last four components of the row vectors (53) implies that the quantities Cj in (37) - (43) 
will not necessarily be independent of y. Three extra conditions 

doi + (^45 = (^23 — dgr 

do2 + d^Q = -di2, + lisT (54) 
doz — d4r = di2 + d^Q 

must be satisfied before C4, cy are independent of the coordinates (53). There would 

then be 10 remaining generators Jqi — J23 + aJ^^ — {a + 2)Jqj, J02 + J13 + fiJ^Q 

+ (/3 + 2) J57, Jo3 — J12 + 7J47 + (2 — l)Jm, Jqa + Jib + <^26 — J^i, J05 — Jia — J25 — 

and J47 — J56. 

The computation of L'^R^Lj^^y^ must now be repeated for these 10 generators with 
the new coordinates (53) to determine whether the dependence on yi and 9 can be elimi- 
nated in the homogeneous term in the transformation rule of the connection form. Denoting 
the coordinates of x hj ye = y ■ goi{9), I = 4, 5, 6, 7 so that 

gQ^(e) = (cos d, 0, 0, 0, sin 9, 0, 0, 0) 

^05(6*) = {cos e, 0, 0, 0, 0, sin 9, 0, 0) 

gQQ{d) = {cos 9, 0, 0, 0, 0, 0, sin 9, 0) 

gQ7{9) = {cos 9, 0, 0, 0, 0, 0, 0, sin 9) 

the following identity for alternative algebras [24] 



(55) 



Ly.y> - LyLyl + [L y , Ry>] (56) 



implies that 



(57) 
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Since 



{{y ■ golie)) ■ R^rW = {R^)-\y ■ goi{e)rW 



(58) 



and 



y 



-1 



(59) 



it can be shown that 



tT tdT tT 



= L. 



(^y-'^m{e)-^ + ^y-^^mie)-^ 



9oi(.e)-^ 




-1 



(60) 



The next step in determining whether the fibre-coordinate dependence can be ehminated 
from this expression would involve moving all of the ^-dependent matrices to the center. 
Although it can be verified that Lg^^f^Q^Ly = LyLg^^^^Q^, the commutators [L^, Rg^i^e)] and 
LgQj(5))] do not similarly vanish. Thus, the product (60) will be dependent on y and 6 
for the general group element obtained by exponentiating the 10 generators listed above. 

Consequently, to find any residual gauge symmetry, the coordinates must be restricted 
to the submanifold considered initially. From the above considerations, it follows that 
only 9 generators Jqi - J23, J02 + ^13, -^03 - J12, ^45, J^g, -^47, -^56, -^57, -^67 leave this 
submanifold invariant, and the last 6 generators act trivially on this three-sphere. As the 
remaining generators form an su(2) Lie algebra, there remains an SU(2) group of symmetry 
transformations acting on an fibre, which represents the gauge invariance of an SU(2) 
Yang-Mills theory corresponding to the SU(2) principal bundle. 

Since this study began with an SO (8) structure group, it appeared possible that an 
allowed symmetry group larger than the fibre could be obtained if the fibre was chosen to 
be an appropriate submanifold of S'^ . The computation of the fibre coordinate dependence 
of the connection form transformation rule for the submanifold demonstrates that the 
constraints reduce the structure group to SU(2), producing the standard principal bundle 
structure. This result shall be derived for general bundles in the next section. 
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6. Independence of the Transformation of the Connection Form with respect 
to the Fibre Coordinate 

Let us recall that for a general fibre bundle with atlas {Ua,ipa}i the trivializations 
-i/^Q,, ipp determine two local sections a^ix) = 'ijj~^{x,yo),ap{x) = ipp^{x,yo) which may 
be mapped by a diffeomorphism to {x,y{x)) and {x,y'{x)). If ipi^a : U x F ^ F, where 
U C UaC) Ujs, is defined by ipf^aix^y) = y', then the tangent spaces to the two sections 
are given by {^xiV"') and (Ck) ^V'^alCa;; ^"))- A connection provides a splitting of the 
tangent bundle into vertical and horizontal sub-bundles, and the image of the horizontal 
subspaces associated with the two sections in TU x TF are spanned by vectors of the form 
iCxi C'^{y)) and {^x, C^{y')). Defining the connection forms by V" — C", one finds that 
they transform under a change of section as 

r^(e.,y') = Tr^ai^x) + TV^^«-r«(^,,y) (6i) 

where VpM = '^lai^) = v' ■ 

The tangent mapping Tij)^^ : TF — > TF is an isomorphism if the tangent bundle of the 
fibre is trivializable. Defining (f)y to be a mapping from a vector space V to the tangent 
space Ty{F), so that V'i^^.y) ^ (pyV^i^^), V^iCx) e V, equation (52) becomes 

d^y^r^iu = Tr^^iCx) + T^^«-(/>,r-(e.) (62) 

To interpret the relation between r"(^a;) and r^(^2;) as a gauge transformation of potentials 
taking values on the base space, it is necessary to eliminate the fibre coordinate dependence. 
This can be achieved if the right-hand side of the equation can be expressed as (j)y'X, X 
and (f)y is an injective mapping. Moreover, V can be extended to have the same dimension 
as F, so that T°'{^xiy) ranges over all of Ty{F) and is a surjective mapping. Thus 
4)y should be a bijection. Writing Tt/j^^{^j:) as 4>y'Xi, Xi e V and Tipp^ ■ (l)yT°'{^x) as 
(l)y/X2, X2 e a fibre coordinate-independent gauge transformation rule may be obtained 
if 

(f>y'iXl) + (j)y'{X2) = (f>y'iX^ + X^) (63) 
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expressing linearity of (f)y. It may be noted that a bijective mapping between the vector 
spaces that is nonhnear, analogous to the mapping x ^ on (R, +), could also have 
been considered. As r"(^a;, ■) is a C, r > 1 vector field on F, the mapping (p : V x F ^ 
TF, — 4'y must be a difi'erentiable function of the fibre coordinate. Moreover, (py 

should also be a vector space isomorphism, since one takes T°'{^xiy) + to be 

r"(Ca; + VxiV) as a result of the trivializations {ipa}i fpa '■ '^~^{Ua) x F being 

diflFeomorphisms. The requirement that (py be a vector space isomorphism would exclude 
nonlinear mappings and ensure that equation (62) can be used in reducing the transfor- 
mation rule of the connection form to a gauge transformation involving a dependence on 
the base space coordinates only. 

It follows that (p)y is a parallelism on the fibre F. There are in fact several types of fibre 
parallelisms [25]: 

i) fibre parallelism 

There exists a map C : E Xm E {y y')eEy.ME Isom{TyE,Ty/E) such that C{y,y') = 
ujyi o ujy^ : TyE TyiE where y^y' G E^ and uiy : {Tj.g(iE)x — >• TyE. The last map gives 
rise to an isomorphism Q, : T^edE Xm E ^ TE. 

ii) vertical fibre parallelism 

There exists a map C : E Xm E {y y')eEy.ME Isom{TyEx^Ty'Ej:) such that C{y,y') : 
TyE^ = VyE TyiEx = Vy'E. TMs parallelism is given by the isomorphism O : 

VTredEXME^VTE. 

iii) integrable fibre parallelism 

A fibre parallelism is integrable if, for any (?/,?/') G E Xm E, there exists a translation 
Ty'y : E ^ Ej Ty'y{y) = such that Try'y E C{E Xm E). For a vertical fibre parallelism, 
there exists a translation r^fj'* : E^ ^ E^ such that TTyf'^^ G C{E Xm E). It may be noted 
that a surmersion [E, M, tt) that admits a vertical fibre parallelism and a connection is a 
projectable fibre parallelism. [If {E, M, tt) is a fibration, then a vertical fibre parallelism 
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implies the existence of a connection.] A projectable fibre parallefism with an integrable 
parallehsm on each fibre, or equivalently such that the commutator of invariant vertical 
vector fields is invariant, can also be regarded as an integrable vertical fibre parallelism. 



iv) globally integrable fibre parallelism 

It can be shown that a fibration which admits a globally integrable fibre parallelism is a 
principal bundle. The translation Ty'y : E ^ E can be extended to a global diffeomorphism 
on E. 

For a principal bundle, 

VTP = Te{G) xP = VTP/G XmP = VTredE Xm P 
VTPj G = {right — invariant vector fields tangent to the fibres of E} (64) 

VTredE - Te(G') X M 

VTP/G is clearly a trivial bundle, because {VTP/G)x ~ Te(G') V x e M, and the transi- 
tion functions are elements of G, leaving invariant any vector field in VTP/G. 

The parallelism in a principal bundle can be taken to be the one induced by left mul- 
tiplication and the diffeomorphism ip^^ to be right multiplication by a group element. 
Since 

Rg* Ly^ = L(^y.g-^^ Ad{g~^) 

(65) 

T'4^lai^x) = Ly^-{9*<x) = Ly.9*[Lg*i9*-^x)] = 02/' [^5*^ (f * " 6)] 

the standard gauge transformation 

T^iix) = M^-i)r«(e.) + L-l{g,.^,) (66) 
is a consequence of equation (62). 

The problem of determining which bundles allow the dependence on the fibre coordinate 
to be eliminated has been considered in [12]. A necessary condition is that 



TV^^>,r«(e.) = <j>y>A{x)V^{^,) 
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(67) 



or equivalently, that there exists a global difFeomorphism which is a solution to the differ- 
ential system 

rrpo. = <i>yA-<i>y^ (68) 

By Frobenius' theorem, the integrability conditions for the differential system require that 
the commutator of vector fields on the fibre are invariant with respect to the map (^yi ■A-(f)~^. 
Thus, 

[cl>y,-A-cp-'X,cl>y,-A-cl>-'Y]y, = cl>y, ■ Acl>-'[X,Y]y, (69) 
for any vector fields X,Y e TF, implying 

Cijk{yo)Amk = Cklm{y'o)AkiAij (70) 

with the coefficients Cijkiy) given by [6(y), ^j(2/)] = Ci3k{y)^k{y), with 
Ci(y) — (py - ^i, ^ V representing an orthonormal basis for Ty{F). 

The most general gauge matrix A that can be allowed is A — Ai{y')A2{x)Ai{y)~^ as 
this gives 

rr^a = <^y' ■ A^{y')A2{x)A^{y)-^ ■ 0"^ = cj^'y ■ ^2(x) • ^^"^ (71) 

if the new parallelism (j)'y is given by cj)y ■ Ai(y). The integrability condition for the differ- 
ential system given by equation (71) is 

[<t>y, ■ A^{y')A2{x)A^{y)-^ ■ <\>-^ ■ X, c^y, ■ A^iy')A2{x)A^{y)-' ■ 0-^ ■ Y]y> 

(72) 

= cl>yy A,{y')A2{x)A,{y)-' ■ cf>-^' ■ [X,Y]y, 
Letting X — ^i{y) — 4)y ■ Ci, one finds that 

Cijk[Ai{y'o)-A2{x)-Ai{yo)-^]mk = Ckim[Ai{y'o)A2{x)Ai{yo)-%i[Ai{y'o)A2{x)-Ai{yo)-% 

(73) 

Defining the basis ^l{y) using the new parallelism (jJy-ei = (f)y ■ Ai{y)ei, and the structure 
constants c'^j^iy) by the commutation relations = c'j^jkiy)^'kiy)^ follows that 



Cijkiy)i^liy))nk = CimniAi{y))li{Ai{y))mj 
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(74) 



Using this relation and multiplying equation (73) by (^i(yo))ir(^i(yo))js(^ ^{yo))pm gives 

Crsniyo)A2pn = c'i^p{yQ)MlrMms (75) 

which is equivalent to the previous condition (70). 

It may be noted that the proof of the existence of globally integrable parallelism on the 
standard fibre F depends on the following lemma, with a more detailed proof than that 
provided in reference [12] given below: 

Lemma. The set Cy^ = {j/ e F\cijk{y) = Cijk{yi)} either contains all of F or is a 
set of dimensionality less than one in F. 

Proof. It is shown in [12] that an identity satisfied by the vector fields {^j} induced 
by the parallelism (j)y [26] implies that 

Cijl{y')Cklm{y') - ^k{CijTn){y') = Ciji{y)Cklm{y) - ^k{Cijm){y) (76) 

where Cfc(cym) is defined by the action of the vector field on a function on F. Assuming 
initially that Cy^ is a continuous curve through yi with tangent vector Xy^ = Xk^kiyi) 
and contracting equation (76) by X^, 

Cijl{y)Cklm{y)Xk - Xkik{Cijm){y) = Ciji{yi)Cklm{yi)Xk - Xkik{Cijm){yi) (77) 

which implies, on C^^, that XkCk{cijm){y) = Xk^k{cijm){yi) = when X^ is constant. 
Similarly, the vanishing of the derivative of Ciji{y)ckim{y) — Ck{cijm){y) by equation (76) 
gives 

{XnCn{Cijl){yi))XkCklm{yi) + Xi,Ciji{yi){XnCn{Cklm){yi)) - Xr^^riX kik{Cijm){yi) 

= - XninXkik{Cijm){yi) = 

(78) 

and repeated differentiation leads to X„^^„^...X„^^„^(cy>„)(j/i) = 0. Consequently, Cy>„ 
is constant along the integral curve of X, and using the assumption that the set Cy^ is at 
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least one-dimensional, one may conclude that it contains the integral curve of a parallel 
vector field X passing through yi. 



A two-dimensional surface Sy is spanned by the integral curves of another parallel 
vector field Y intersecting Cy-^ and an n-dimensional neighbourhood of yi is covered by the 
surfaces (S'v^ corresponding to arbitrary linear combinations of the independent vector 
fields Yi, Yn-i. The surfaces Sy and Sy will initially coincide at C^^ if 
Y' = aX + bY. However, translation of the vector field X a distance t along the integral 
curve of Y using the one-parameter family of diffeomorphisms {xt} gives a vector field 

xt*x = X - t[x,Y] + |[[x,y],y] - ... (79) 

Parallel transport of the vector field X along the integral curve of Y' using the one- 
parameter family of diffeomorphisms {x'v*} gives the vector field 

2 2 
X'^^X = X - bv[X,Y] + 62y[[x,y],y] - ... + a6y[[X,y],X] - ... (80) 

Even after setting t equal to Ylij i with hi = 6, higher-order terms such as that 

2 

containing ab\ will vitiate the possibility of equating Xt*X with x'v*-^- Thus, the tangent 
spaces to Sy and Sy , spanned by the bases {xt*X, Y} and {x'y^X, Y'} = {aX+hY, x^^X} 
respectively, are equivalent at Cy^ but differ when t, v ^ Q. Since Syi does not always 
coincide with Sy^ it must intersect with a surface Sy (Fig. 1), where Y" is another linear 
combination of the vector fields Yi, yn-i, Ylfi (^'(Yi. 
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Fig. 1 The intersection of the surface Sy' with Sy and Syn . 

Translation of Cy^ a distance v along the integral curves of Y' results in a curve of 
constant c^/s, Ct^^(j/i)5 because 

{Y:,inCiil{y))Yl^Cklm{y) + (Y;,CiM)iXninCklm{y)) - i^Ien^'C/c (y) = (81) 

together with equation (76) implies that 

Y:,inYl,Uci^m){y) = Y;^inYlUci3m){yi) (82) 

and repeated differentiation gives 

Y:,,U...YnAnM3m){y) = Y:^^in,...YnAnMjm){yi) ^y e Cy^ (83) 

Similarly, translation of Cy-^ a distance w along the integral curves of Y" produces another 
curve of constant Cy^, C^//(y^). 

If a point ys lies in the intersection of Sy and Sy, then it must be located on an a curve 
^x'viyi) some V and C^//(y^) for some w. Parallel transport of one of these curves along 
the other will sweep out a two-dimensional surface of constant Cy^. When this surface is 
translated back to yi, one obtains a two-dimensional neighbourhood of constant Cijk about 
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the point j/i . This procedure can be repeated until an n-dimensional neighbourhood of yi 
of constant c^-fc is constructed. If F is compact, it may be covered by a finite number of 
these neighbourhoods and Cy-^ contains aU of F. Otherwise, it has dimensionality less than 
one. 

This lemma has been used previously [12] to demonstrate that the standard fibre is 
G/D, where G is a Lie group and D is a discrete subgroup. When the standard fibre is a 
group, and the gauge matrix A represents the adjoint action of g~^, then if ^ = exp{tjXj), 

exp(^ tjXj^X^CXpitjXj) — X^{5iiji tjCijm ~l" '^tjtkCiklCljm ~l~ •••) 

1 2 (84) 

Substituting the formula for Ami into equation (70) and equating the coefficients at each 
order in t gives 



0(0: c, 



0(t) : CijkC^klm — Cj/feCfcjm ~l~ C^ikm^^kjl 

_ _ (85) 

0\t ) . Cijk(^klp(^lnm — (^kjm^^ipt^Hnk ~l~ (^ilm^^jpt^Hnl '^(^klm^^ink^^jpl 



The relations for 0{t'^), r > 1 all follow from the Jacobi identity for the Lie algebra 
structure constants. 

One may wish to consider a more general linear transformation A of the form 

-^mi = ^mi ~ tjdlijm + 2^jtkd2ikld3ljm + ••• (86) 

leading to the relations 

Cijkdlklm — d\ij]^C]^jYn ~l~ Cikmd\kjl ~l~ ••• (87) 
Cijkd2klpd3lnm = Ckjmd2iptd3tnk + Cilmd2jptd3tnl ~ '^Cklm.dlinkdljpl (88) 

Since the structure constants Cijk are anti-symmetric, equation (87) comprises of 
relations for the components of the tensor dujk, so that it does not fully determine 
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di. However, equation (78) consists of ^ ' '"-^ relations for the 3n^ components of 
diijk, d2ijk and d^ijk- Similarly, higher orders of t give rise to equations which will include 
a larger number of conditions on the coefficients dMijk- Some of these constraints may be 
redundant, but they should eliminate the arbitrariness in the choice of dMijk and leave 
coefficients that are equal to the structure constants Cyfe. 

7. Gauge Theories and the Seven-Sphere 

The success of the standard model, based on the symmetry group SU (3) x SU (2) x 
immediately suggests the problem of finding an explanation for the gauge groups and the 
number of forces. One of the simplest and yet potentially fundamental ways of deriving 
the standard model from theoretical principles would be through an identification of the 
four forces with the existence of only four normed real division algebras. By a well-known 
theorem [17] [18] [19], this sequence of division algebras corresponds to the sequence of 
parallelizable spheres, with the first two spheres coinciding with the gauge groups U(l) and 
SU(2). This correspondence leads one to conjecture the existence of a gauge theory based 
on 5^, which nearly possesses a Lie group structure. In earlier attempts to construct an 
octonionic gauge theory [13] [14] [27], there was no invariance under gauge transformations 
of the potential taking values only in the base space. The reasons for the lack of a gauge 
principle have been illuminated in the previous two sections in the study of the fibre- 
coordinate dependence of the connection form transformation rule for S"^ bundles. 

The extension of the fibre bundle description of gauge theories to a Kaluza-Klein uni- 
fication of gravity with the elementary particle interactions through eleven-dimensional 
N=l supergravity also involves the seven-sphere, as the ground state solution for the met- 
ric field, {AdS)4 X S"^ provides a mechanism for the spontaneous compactification of seven 
of the eleven dimensions. Because S"^ admits 8 Killing spinors, generating 8 supersym- 
metries, dimensional reduction of the d=ll theory gives N=8 gauged supergravity in four 
dimensions [28], and although spontaneous compactification over S'^ is initially promising 
for the identification of the elementary particle interactions and the sequence of paralleliz- 
able spheres, the gauge group SO (8) represents the invariances of a theory described by 

28 



a principal bundle with both standard fibre and structure group SO (8), without reference 
to S"^. Moreover, the number of gauge bosons is considerably larger than that associated 
with any of the known elementary particle interactions and specifically the strong nuclear 
force. It therefore represents a considerable departure from the original scheme of using 
the sequence of parallelizable spheres as the basis for a description of the electromagnetic, 
weak and strong interactions. 

Since the construction of the N=l, d=ll supergravity Lagrangian, several other inves- 
tigations have been undertaken regarding the possibility of finding a gauge theory based 
on S"^. Indeed, it has been shown in [12] and the previous section that it is not feasible to 
build a purely octonionic generalization of Yang-Mills theory. Nevertheless, an octonionic 
gauge theory has been proposed in a recent study [24] , using a bimodule representation of 
the octonion algebra. 

Recalling that the octonion algebra is defined by the multiplication relations 

Co = eo eoCi = e^eo = 
CiCj = -SijCQ + eijkGk (89) 
eyfc = I for {ijk) = (123), (145), (167), (264), (257), (347), (356) 

using the conventions of [29], which can be summarized as e^e,^ = C^^ex, 
11, u, X = 0,1,..., 7. The left representation is (L^);)^j^ = (C^)^ = C^j^ and the right 
representation is {R^)\u = (C^)^ = C^^ with Lq = Rq = Id. Then Aj = and 
Pj — satisfy the commutation relations 

[Aj, Xj] — -eijk Xk + 2[pj,Xi\ 

^ i (90) 
[pi, Pj] = --^^ijk Pk + 2[Aj,pi] 

and the trace relations 

Tr(A,A,) = TripiPj) = ^ 5ij (91) 

Suppose a gauge potential is defined to be Af^{x) = yl^a;)Aj, leading to the covariant 
derivative = + ig A^. Under a gauge transformation corresponding to the element 

29 



Q{x) = e*"'(^)^S V^ipix) e^'^'^i 1>iJ.'^{x) for any fermion field ^{x), and [V^,V^] also 
transforms covariantly, allowing one to immediately find an invariant —^Tr{F^jyF^'^). 

However, the gauge tranformation which leaves this action invariant 

A^{x) ^ A'^ix) = Q{x)A^{x)Q-\x) + ^{d^Q{x))Q-\x) 

= e*"-^A.e-^"-^ - -daa'Xi (92) 

9 

= Ai^ + [ia-X,Af^] - -[a ■ A, [a • A, A^]] + ... ^^a^Aj 

^ 9 

contains not only the generators Aj associated with the left representation of the octonion 

algebra but also generators arising from multiple commutators of Aj and pj. To linear 

order in a, 

A'^ = 4% + 2ia^ A'; [pk,Xj] 

1 . 1 . (93) 



and 



^ 9 



K'^ = F';.K - 2ga'{A';A'J - A':A'^)[K,[p,,Xj]] 

+ 2i[d^{a^A'^) - dM^A'^)][pu,X^\ (94) 

1 

2* 

The trace relations 



1 

Tr{Xi[pj,Xk\) = -eijk 
Tr{[Xi,pj][Xk,pi]) = -^[eijki + '^{^ik^ji - hi ^jk)] 
can be used to express the Lagrangian in component form 



(95) 



C = -^{d^Al - d^A^^){d''A''' - d''Ai'^)-^g^Aj^A'^{A^''A'"' - A'^'^A^'') (96) 
but the action is not invariant under the substitution — > A'^ as (96) becomes 
- -{d^Ai - d^Ai){d^'A''' - d'^Af') - —g^Aj^A'^iA^'^A'"' - A'^'A^'') 



+ \[d^{eiika^Al + -d,a') - d,{eijka^ A^ + -d^a')] ■ d^'A^' 
^9 9 
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(97) 



and the extra terms in (97) are not total derivatives. Consequently, the transformation 
of the potential A'^ is required and this involves generators other than those 

corresponding to the left representation of the octonion algebra. 

The appearance of the non-closed algebraic part of the variation involving the generators 
Pk is a manifestation of the fibre-coordinate dependence in the transformation rule of 
the connection form (61). One may recall that T'ip^^{^j;) is (py/Xi for some Xi e V 
when the standard fibre admits a parallelism, and thus the y-dependence of this term 
can be eliminated for an 5^ bundle. From equation (67) and proof of the subsequent 
lemma, it follows that the y-dependence of T'tp^^ ■ (^yV°^[^x) can be eliminated only when 
the standard fibre is a group manifold. For an 5"^ bundle, the remaining y-dependence 
should be associated with this term, and this has been confirmed in §5 and equation 
(93). Moreover, the analysis of §5 leads one to conjecture that the Lagrangian is part 
of a larger theory possessing G2 invariance. Writing A'^ = A'^^ Jabi a transformation 
A'^^ Afj^ = Q~^Afj^fl — ^fl~^{d^Q), e G2 can be found such that A^ has only non-zero 
components multiplying the generators A^. From (94), F^^, = Jab has non-zero 
components corresponding to the generators of G2 and the Lagrangian —^Tr{Fij_yF'^'^) 
actually should be invariant under the entire group of G2 transformations. This symmetry 
is broken only when one specializes to a particular choice for the vanishing components of 
the gauge potential. 

This result may also be understood from the context of non-associative deformations of 
gauge theories [30]. These generalizations are based on an algebraic structure consisting 
of M set of generators {Tpi}^ p — 1, M. Together, the entire set of generators form an 
associative Lie algebra structure. Restriction to one set of generators, T[, p fixed, leads 
to a problem with closure of the algebra. 

M 
n=l 

The deviation from associativity can be measured by the associator 

J{T[, TJ, = e^^\T[, TJ, T,^) = e^^' [ (Tf Tf) T^, - T[{Tf Tl) ] 

(99) 

= <{[T!ATj:.m + [Tl[T-,Tl]] + [Tl[T^,Tf]]) 
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The lack of closure of the algebra associated with a single set of generators, or equivalently, 
the coupling of the gauge potentials corresponding to distinct sets of generators, leads to a 
Lagrangian, based on only the field strengths FJ^^^, which contains extra nonlinear terms. 
Therefore, when the algebra Tf , p fixed represents the octonions, the entire algebra is 
given by the matrices associated with left and right multiplication introduced earlier. The 
theory obtained is therefore a special case of this general procedure of deforming gauge 
theories, where the Lagrangian is part of an action with the larger G2 symmetry generated 
by the combined set of fourteen generators. 

It is also of interest to note that a general procedure for constructing a non-associative 
gauge theory has been developed in [31], where the potential takes values in a non- 
associative algebra A. The gauge symmetry of the action, however, is the automorphism 
group of A, Ga, so that given a symmetric, bi- linear non-degenerate form { u \ v ), 
u, V e A, satisfying the invariance condition { gu \ gv 

Lo = ^{F^,\ F^, ) (100) 

may be constructed. If Ap is the set of A-valued p-forms, then it is necessary to assume 
that g e gl{Ai), ^ e Ai and 

(i) g{uu) = {guj){goj) 

(ii) + = (101) 
(m) d{guj) = g{duj) - ^{guj) - (guj)^ 

Although it is not known if there is a solution for g and ^ for any given non-associative 
algebra, it can be assumed that one exists when A is the octonion algebra. The symmetry 
group Ga is then G2, and the Lagrangian resembles the one given in equation (96). 

A common property of all of these theories is that the action possesses a Lie group 
symmetry even though it has been constructed so that it seems to include only com- 
ponents in the non-associative octonion algebra. This provides further support for the 
assertion proven in [12] and §6 that a pure gauge theory with a symmetry defined only 
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by the non-associative algebra does not exist. In addition, it may be noted that although 
{g~^An)g = g~^{Af^g) for alternative algebras by Artin's theorem, 

{g-\AM{i9~'AM ^ 9~' (^M 9 (102) 

in general for non-associative algebras, so that the validity of invariance under finite gauge 
transformations as a consequence of invariance under infinitesimal transformations can- 
not be proven for non-associative algebras [31]. Since an extensive investigation of the 
possibility of constructing a pure gauge theory based only on the non-associative algebra 
has revealed that a Lie group structure is essential, this property will be assumed in the 
following sections, although the seven-sphere shall continue to used in this geometrical 
approach to the internal symmetry spaces. 

8. Division Algebras and the Standard Model 

A connection between the gauge groups in the standard model and the division algebras 
has been established recently using Clifford algebras. In this approach, the division algebras 
are the spinor spaces, while the Clifford algebras, which may be known as adjoint division 
algebras, may be used to derive the gauge symmetries of the action [32]. Denoting this 
Clifford algebra of i?^'^ by -Rp,q, generated by the elements Tq, satsifying 
Tq,T/3 -I- TpTa = 2r]a/3e 

(103) 

r]ap = dm^(l,...,l,-l,...,-l), e = Idp+q 
the Pauli algebra is P ~ i?3,o ~ C(8)]HI. Given elements mi, a; in an algebra A, the 

left adjoint map x Un{---{u2{uix))...) defines an associative algebra of left actions. Using 
the basis {cq} of A, consists of elements of the form li, e^a, CLab = ^La'^Lb^ ■■■■ For 
the division algebras C, HI and O, it can be shown that = 'Cr = C, ~ HI_r ~ H, 
and Ol = ~ R{8). While the adjoint left algebra Pl acts on the space of 2 x 1 

complex Pauli spinors, Pl (2) = R{2) ® Pl ~ ^"(4) ~ C (g) 3 is the Dirac algebra, 
which is the complexification of the Clifford algebra Ri^^ ~ H[(2). The algebras of left 
actions and right actions of E[(2) on the space of 2 x 1 matrices over HI commute, so that 
the algebra of left actions represent the Clifford algebra of 4-dimensional Minkowski space- 
time and the algebra of right actions generates a SU{2) x U{1) internal symmetry. Now 
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considering the tensor product T = R(8)C(8)IH[(8)0, the adjoint ~ -Ro,9 corresponds 
to the Pauh algebra, whereas Tl{2) ~ C(32), the complexification of -Ri,9, the equivalent 
of the Dirac algebra in the 10-dimensional Minkowski space-time. As the spinor space T is 
64-dimensional, it is just large enough to describe a family consisting of a lepton doublet 
and a quark doublet with three distinct colours and the corresponding anti-family. 

The subspace of 2-vectors of Rp^q closes under commutation and it is isomorphic to the 
Lie algebra so(p,q). Thus, the two- vector basis {cLpq, p, q' = 1, 6,p 7^ q-} of ~ i?o,6 
as 15-dimensional and isomorphic to so(6) ~ stt(4). The intersection of su(4) with 

LG2 = {cLab - eLcd ■ eaCb = CcCd} is 

su{3) = {eLpq - GLrs ■ GpCg = eres,p,q,r,s ^ 7}. The SU(3) gauge symmetry of 
the strong interactions therefore arises as part of the SO (1,9) Lorentz transformations and 
not as an internal symmetry in 10 dimensions, although it can be regarded as an internal 
symmetry in 4 dimensions. This is consistent with the use of string theory to describe the 
strong interactions and gravity. 

These considerations suggest that one may begin with a ten-dimensional Lagrangian 

-^1,9 — '"gauge ~l~ -^<^ ~l~ -^1,9 
a=0 

9 

and Cgauge is a ten-dimensional action for the spin-one gauge field. After using the 
projector distinguishing between matter and anti-matter multiplets, Ri^q is projected to 
-Ri,3®5'0(6), the bosonic part of the action is based on the covariant derivative appropriate 
for i?i 3 ® SU{4) . The SU(4) symmetry must then be broken to SU(3) to reproduce the 
QCD action, while the SU{2) x U{1) symmetry, arising from i?i^3 leads to the Weinberg- 
Salam model. While the scalar Lagrangian is used for spontaneous symmetry breaking, 
the fermion Lagrangian may be reduced to the standard lepton-quark Lagrangian in four 
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dimensions. Using the projector p± = ^ ; one may re-express the fermion term as 




The last two terms represent matter/anti-matter transitions that are not observed, and 
they vanish upon imposing the conditions 



The solutions to these constraints have a dependency on the coordinates in the extra six 
dimensions which gives rise to the SU(2) and SU(3) symmetries of the standard model. 

9. Gauge Transformation Constraints for an SU(4) Action on an S'^ Bundle 

The special place for an SU(4) gauge symmetry in the formulation of the standard 
model given in the previous section suggests that it may be of interest to study the SU(4) 
action on the seven-sphere, 5^ = SU (A) / SU (3) . Although it has been demonstrated 
that the generalized gauge transformations are still restricted to Lie groups, the procedure 
followed in sections 5-7 can be applied, in principle, to the bundle with 5'^ fibre with an 
SU(4) structure group. This allows for the possibility of obtaining an action with the 
appropriate SU(3) gauge symmetry, based on an action with a larger symmetry group 
SU(4) more directly connected with the Clifford algebra -Ri,9. 

The action of SU(4) on the seven-sphere follows from the invariance of the bilinear form 
ZqZq + z[zi + z'^zi + ^3-23, where z = (zq z\ z^ z-^) G C^. To define the equivalent 
of the inhomogeneous term in the transformation rule of the connection form, one needs 
the embedding of S'^ into SU(4). Left multiplication by a unit octonion maps any point 
y' e S"^ to a point y" — yy' ^ and since a transitive group action on the sphere would take 
any pair of points into each other, left multiplication by the octonion y can be represented 
as iL{y) e 5?7(4), where ll'S'^^ SU{A). 

Quaternions can be included in the group SO (4), as noted earlier, through 



^0,6 (P±*) = 



(106) 



(yo yi 2/2 yz) 



/yo -2/1 -2/2 -2/3 \ 

2/1 2/0 -2/3 2/2 

2/2 2/3 2/0 -2/1 

V2/3 -2/2 2/1 yo / 



(107) 
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and they can also be represented as SU(2) matrices 

f yo + m yi + iys \ /-^Qgx 
V -2/1 + m yo - m J 

acting on the column vectors 

( y + (109) 

\ yi + W3 J 

Similar considerations apply to the embedding of S'^ —>■ SU{4:). The problem of repre- 
senting left multiplication by octonions therefore reduces to the problem of determining 
whether there is a correct choice of coordinate axes. 

Proposition. There are no choices of octonion multiplication rules and coordinate axes 
in such that left multiplication by unit octonions can be represented as a 4 x 4 matrix 
with entries of the form ±j/rj ± Wrj ■ 

Proof. Consider the transformation 



y" = Zy' (110) 

where Z = (zij) and y' and y" are column vectors with the coordinate axes 
(0 ri), (r2 rs), (r4 rs) and (re ry). Since 



y'o + ^y'k = ^00 y'o - Im zqq y'^^ + Re zqi y'^^ - Im zqi y'^^] 

- [Re Zq2 y'r^ - Im Zq2 y'r. + R^ ^03 y'r. " 1^ Zq:^ y' ] 

(111) 

+ I [Im zqq y'o + Re zqq y^^ + Im zqi y^^ + Re zqi yl,J 
+ i [Im zo2 y'r^ + Re zq2 y'r^ + Im Zq^, y'r^ + Re Zq^, y'r^\ 



Re 


^00 


= yo 


Re 


^01 


= -Z/ra 


Re 


^02 


= -?/r4 


Re 


^03 


= -yre 


Im 


^00 




Im 


^01 


= 


Im 


^02 




Im 


^03 


= yr-r 
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so that 



Vr^ = VriVo + yoy'ri " Vr^Vrs + VrsV'r^ 

- Vr^y'r^ + Vr^y'r^ - VreVrr + yrrVre 

which is consistent with the triples (rir3r2), (rir^r^) and 
(riryre). The relation 

y'r^ + '^y'rs = [-^e ^10 y'o - ^10 v'r^ + -Re - Im zii y'^^] 

+ [i?e zi2 y'r^ - Im zi2 y'r^ + Re zi3 yl^ - Im zxz y'^^\ 
+ % [Im zio y'o + Re z^ y'^^ + Im zn y'^^ + Re zn y^J 
+ i [Im zi2 y'r^ + Re Zi2 y'r^ + Im z-^z y'^^ + Re z-^z y'r^] 

implies that 



Re 




= 


Re z\i 


Re 


Zl2 


— ~ yrT(r2,r4,) 


Re zxz 


Im 


ZlO 


= Vrs 


Im z\\ 


Im 


Zl2 


— yrT(r-2,r-s) 


Im zi3 



the following triples, (rs rT{r2,r5) fA)-, (rs 'rT{r2,rS>-> ('^3 rT{r2,rT) re) and 
1^7 rT{r2,re))- The relation 

y'r^ + = [^e Z20 y'o - Im Z20 y'r^ - Re Z21 y^.^ - Im Z21 y'r^] 

+ [Re Z22 y'r^ - Im Z22 y'r^ + Re Z23 y'^^ - Im Z2z y^^] 
+ % [Im Z20 y'o + Re Z20 y'r^ + Im Z21 y'^^ + Re Z21 y'^^] 

+ i [Im Z22 y'r^ + Re Z22 y'r^ + ImZ2Z y'r^ + Re Z2Z y'rj] 



implies 



Re 


Z20 


= yr^ 


Re 


Z21 = 


yrT(r2,r4) 


Re 


Z22 


= yo 


Re 


Z23 = 


~yrT(r4,rQ) 


Im 


Z20 


= yrs 


Im 


Z21 = 


~yrT(Tz,T4,) 


Im 


Z22 


= -yri 


Im 


Z23 = 
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and 

Vr^ — yrsVo + VrAVri + 2/'"T{r-2 ,r4) ^/rs ~ 2/'"T(r3,r4)2/r2 

consistent with the triples (rT(^4^^^) re rs) and (r^^^^ ^e) '^s '^t)- Consequently, as 

^re + ^2/r7 = y'o - Im zso y'r^ + Re zsi y'^^ - Im Z31 y'^J 

+ [Re Z32 y'r^ - Im 232 y'r^ + Rez^^ y'^^ - Im 233 y'^^] 

+ i [Im 2:30 2/0 + Re z^q y'^^ + Im 2:31 y'^^ + i?e 2:31 y^J 

+ z[i?e 232 1/^.4 + Im 232 2/r4 + Re 2:33 l/r^ + 2:33 2/^ J 
the matrix elements are 



and 



Re 230 


= Vre 


Re 231 


yrT(T2,rQ) 


-Re 2:32 




Re 2:33 


= yo 


Im Z30 




/m 231 


— ~yrT(r3,re) 


Im 2:32 


— ~ 2/rT(r-5,r6) 


Im 2:33 


= -2/ri 




+ yrT(T2,TQ)yr3 


- yrT(r3 


r-6)^r2 



(119) 



(120) 



(121) 



(122) 



2/rT(r4,Te)2/r5 ~ 2/rT(r-5,r6)2/r4 "I" yoyr-r ~ yriyrg 
— yrrVo + yrgyri "t" 2/rT(r3,r7)2/r3 + yrTir2,rr)yr2 
+ 2/rT(r-5,r7) J'rg + yrT(r4,,rj)yr4, + 2/Oj/r7 ~ yviyre 

The four possible choices for the pair {''T(r2,r4)) ''T(r2,r5)} ^ire {re, ry}, {ry, re} and {rg, — '^y} 
and {— r7,re}, where e_j.. = — e^. , there are no sets of triples consistent with any of the 
octonion multiplication tables. The same conclusion could be reached for right multipli- 
cation using the transpose, dropping the primes in the row vector and placing primes on 
the elements of the 4x4 matrix. 

(yo + iy'rr y'k + ^y'k y'r, + Wr, y'r, + Wrr) 

( ^00 ^10 ^20 ^30 ^ 

= (yo + iVrr Vr^ + Wr^ yr^ + Wrs ^re + Wrr) 5^ 5^ 5^ 5^ 

^02 ^12 ^^22 ^32 

^ ^03 ^13 ^23 ^33 ^ 

(123) 
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This result also can be verified by noting that the first column of the 4x4 matrix mapping 

the origin o to y must have entries 2;oo = Uo + iyi, ^lo = Z/2 + Ws, ^20 = ?/4 + 
and Zso = ye + iy? and the unitarity relations for this matrix cannot be satisfied when 

the other entries are of the form (Jr^ri+i (j/ri ± ^J/rj+i), where (Jr^ri+i = ±1- 

Another way of representing the embedding of 5"^ into SU(4) might be achieved through 
the identification of the unit octonion y = yo + yiCi + 7/262 + 2/363 + 2/464 + 7/565 
+ 2/666 + ^767 = (yo + iyi) + (2/2 + ^^3)62 + (2/4 + *y5)e4 + (2/6 + ^2/7)66 with a 
4x4 matrix based on the quaternionic subalgebra (1, 62, 64, 65) 



^L{y) = 



( 2/0 + «2/i (2/2 + ^2/3)62 (2/4 + ^2/5)64 (2/6 + «2/7)e6 \ 

(2/2 + ^2/3)62 yo + iyi (2/6 + ^2/7)66 {yA + iyb)eA 

(2/4 + ^2/5)64 (2/6 + ^2/7)66 2/0 + «2/i (2/2 + %3)e2 

V (2/6 + ^^7)66 {y4 + iy5)e4 (2/2 + ^2/3)62 yo + iyi / 



(124) 



so that 



2/" = yy' = ''L(y) 



/ y'o + wi \ 
(2/2 + ^3)62 

(2/4 + ^5)64 
V {y'e + ^^7)^6/ 



(125) 



It is also of interest to note that since y"y" = y'y' = 1, tL{y) satisfies the identity 
i^Liy)^ t.L{y) = 1, the defining relation for unitary matrices. However, the determinant 
of this matrix contains non-trivial expressions involving quaternions and non-associativity 
properties of the octonions. It is nevertheless possible to use the matrix 61,(2/) the 
computation of the inhomogeneous term in the gauge transformation rule. 



In the identical manner to the calculation of the expression y ■ {dABJAB)t-L{y' 



-1\T 



m 



section 5, one may use the 4x4 matrices Ja representing the generators of SU(4). Since 
the generators J a are anti-hermitian and traceless, 



dAJA — 



( 



idr 
-di + id4 

-d2 + id^ 
-d3 + ide 



di + id4 
-id'j + zcii4 

—ds + id^ 
-dio + idii 



d2 + id^ 
ds + idg 

-Z(ii4 + idi5 
-di2 + idis 



ds + ids \ 
dio + idii 
dio + idii 
-idi5 



(126) 



Using the row vector y = {yo + iyi (7/2 + ^2/3) 62 (2/4 + ^2/5) 64 (2/6 + ^2/7)66), it follows that 
y{dAJA)iLiy~^V = (co ci C2 C3) where 
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Co =[id7iyl + yl) + i{d7 - di4){yl + yl) + iidi4 - di5){yl + yl) + idisiyl + y^) ] 

+ [ -2(yo + %i)(y2 + iy3){di + idA) + 2^12(^4^6 + y^yi) - 2^13(^42/7 - y^yo) ] 62 
+ [ -2(yo + %)(y4 + *y5)(c^2 + *4) + 2^10(2/2^6 + ^32/7) - 2^11(^2^7 - ysye) ] £4 

+ [ -2(2/0 + %l)(2/6 + %7)(c^3 + id^) + 2d8{y2y4 + 2/32/5) - 2^9(^22/5 + 2/32/4) ] 66 

ci = [ (2/0 + %)^c^7 + (2/2 +*2/3)e2(-c^i +^(^4) + (2/4 +*2/5)e4(-c^2 +*cJ5) 
+ (2/6 + iy7)ee,{-dz + zcie) ] (-2/2 - iyz)e2 
+ [ {yo + Wi){di + id4) + {y2 + iy3)e2{-id7 + idi^) + {y^ + iy5)e4{-d8 + idg) 
+ (2/6 + iy7)e6{-dio + idii) ] {yo - iyi) 

+ [ (2/0 +«2/l)(<^2 + «4) + (2/2 + ^2/3)62 (4 + «t^9) + (2/4 + «2/5)e4(-«rfl4 + «C^15) 

+ (ye + 'iy7)e&{-di2 + ic^ia) ] (-2/6 - ^2/7)65 
+ [ (2/0 + %)(c^3 + ^c^e) + (2/2 + ^2/3)62(0^10 + ^cJii) + (2/4 + *2/5)e4(c^i2 + ^cJia) 
+ (2/6 + m)e6i-idi5) ] (-1/4 - ^2/5)64 

(127) 

Co can only be independent of y if 

dr = dr — di4 — di4 ~ dis = ^15 
di + id^ = dg = dQ — 

d2 + id^ = dio = dii = 

ds + ide = di2 = dis = 

and then 

Ci = -2 [^^4(1/2+^2/3)62 + ^4(2/4 + %)64 + ^4(2/6 +%) 66 ] (2/2 + %)62 (129) 

which is only independent of y if ^4 = ^5 = d^ = 0. Independence of the transfor- 
mation rule of the connection form with respect to the fibre coordinate y leads to enough 
constraints on the gauge matrix so that the coefficients dA must all vanish. Thus, there 
appear to be no non-trivial combinations of the generators such that the inhomogeneous 
term is independent of the fibre coordinate. 
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(128) 



Another embedding of S"^ into the space of matrices satisfying the unitary relation 
and its effect on the terms in the connection form transformation rule will therefore 
be determined. The general 4x4 matrix is given hj g = D{di, 62, 6s, —di — 62 — 
^3)^^34(03, cr6)U23{93, a5)U24{4>2, cta) ' ^^12(6*2, (yz)Uis{9i, (72) C/14 (</>!, (Ti), where 
-D(q;i, Q!2, 0:3, 0:4) is the diagonal matrix with elements 6**^^ e^'^'^ , e*"^^ e*'** and Upq{(j), a), 
which has all diagonal elements equal to 1, except for Upp and Uqg, which should be cos 0, 
and non-zero off-diagonal entries Upq = sin (f) e"*'^, Uqp = sin (f) e*'^, 
represents a unitary transformation in the (p,q)-plane. Consequently, the elements of g 
are 



^00 
^01 
902 
903 



cos 62 COS 61 COS 01 e**^^ 
-sin 02 e*(''i-^3) 

-COS 62 sin 01 e^^^-"^^ 
-cos 62 cos 01 sin 0i e^^^^-^^) 

910 = cos 9z cos 02 sin 62 cos 9\ cos ^\e^^^'^'^'^^^ 

- sin 03 sin 9i cos (j)ie'^''^+^^-'''^ - cos 9^ sin 02 sin 4>ie'^''^^^^-''^^ 

911 = cos 92 cos 93 cos 4>2 e**^^ 

-cos 93 cos 02 sin 6*2 sin 9i e^^-^^+ag-as) _ ^^{S2-<T^) 

-cos 93 COS 02 sin ^2 sin 0i cos ^^e^^'^^+'Ts-ai) 
+ sin 6»3 sin 9i sin 0i e^^^^+^^-^i-^^^) 

- cos 93 sin 02 cos 0i e'^^^""^*^ 
cos 03 sin 93 cos 02 sin ^2 cos 9i cos 0i e^^^^'^'^^'^'^^^ 

+ cos 6*3 cos 03 sin 9i cos 0i e'^^^^'^'^^^ 

- cos 03 sin 93 sin 02 sin 0i e^^'^i+'^^+'^s-''^) 
921 = cos 03 sin 93 cos 02 cos 92 e*^*^^"*""^^^ 

5f22 = —COS 03 sin 93 cos 02 sin 6*2 sin ^1 e**^'^^"'"'^^"'"'^'^"'^^-' 

+ cos 03 COS ^3 COS 9i 6* 



5'12 
^13 



920 = 
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g23 = —cos 03 sin $3 cos 02 sin $2 cos di sin 0i e*^*^^"*""^^ "^^^ 
- cos 03 cos 03 sin Oi sin 0i e'^'^^+^^-ai) 
- cos 03 sin 03 sin 02 cos 0i e^(''3+<^5-(T4) 

Sm 03 Sm ^3 cos 02 Sm ^2 cos Oi cos 0i e^^'^s+^^+^re-^i-^a-^a) 

+ COS 03 sin 02 sin $2 cos Oi cos 0i e^('^3+^4-5i-52-53) 
+ sm 03 cos ^3 sin 9i cos 0i e^^'^^+^re-^i-Js-^s) 

:((Ti — (5i— (52— ^3) 



^30 



^33 



931 = 



932 



+ COS 03 COS 02 sin 01 e 
— sin 03 sin ^3 sin ^2 sin 0i e 
sin 03 sin ^3 cos 02 cos ^2e^('"s+'^«-'^i-'^2-'^3) 

+ cos 03 sin 02 cos ( 
—sin 03 sin ^3 cos 02 sin ^2 sin die 
— cos 03 sin 6*2 sin 02 e 



,i(cri+CT5+a6 — a4 — (5i — 52 — <53) 



,i((T4— 5l— (52 — ^3) 



,»(c3+f5— C2— f6 — 5l— ^2— <53) 



i((T3+CT4— (T2— (5l— (52— 53) 



- sin 03 cos ^3 cos Oi e^('^6-<5i-52-<53) 
-sin 03 cos 03 sin Oi sin 0i e*(^2+a6-(7i-5i-.52-53) 
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sin 6*3 cos 02 sin 6*2 cos sin (/,ie('^3+a6+a6-ai-(5i-.52-(53) 

,«(f3+0'4— Cl— <5l— <52— (53) 



— sin 03 

— COS 03 sin 02 sin ^2 cos ^1 cos 0i e 

- sin 03 sin ^3 sin 02 cos 0i e^('"6+fT6-a4-(5i-.52-.53) 
+ cos 03 cos 02 COS 01 e-*("^i+''2+'53) 



The embedding of : 5"^ — > 5'C/(4) will be defined so that 



( 



\ 



1\ 





0/ 



(1 0) iL(y)^ 



^2 + iV3 

va + iy5 

(yo + iyi y2 + iy3 y4 + iys ye + iyi) 



(131) 
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For simplicity, one may choose g to be iLiv)^ so that 



yo + iyi 
y2 + iys 
y4 + iy5 
ye + iyi 



goo 

9oi 

902 
903 



cos 02 COS 6*1 COS (pi e^^^ 

-sin 02 e'^^'-''^^ 

-cos 02 sin 01 e^^^^-"'^') 

-cos 02 cos 01 sin 0i e'^^'~'^'^ 



(132) 



which clearly satisfies yy = 1. The theorem above concerning the existence of SU(4) 
matrices mapping o to y, or y' to y" = yy' is circumvented because the other entries of 
9 = i-L{y)^ are related nonlinear ly to ^foo, 9oij 9o2 and ^fos- Any SU(4) matrix with the 
the first row given by (122) will map o to y. To simplify the calculations involving the 
entire matrix, the other eight parameters, S2, S3, 02, 03, ^3, C4, C5, shall be set to 
zero. As iL{y~^Y = 9^ 



y- {dAJA){iL{y ^)^) = (co Ci C2 C3) 

= {cos 02 COS 01 COS 01 e^'^i - sin 02 e'^^^''^^^ 



I idr 
—di + id^ 
-d2 + id^ 

\-d: 



di + id^ 
—id'Y + idi4 



d2 + id^ 
dg + idg 



cos 02 sin 01 e''^^'-''^^ 
- cos 02 COS 01 sin 0i e'^^'~'''^ 



') 



(is + ide 
dio + idii 



\ 



OKA, ( I </U/J^4 l»Q , „„y "■J.U I 

-dg + idg -idi4 + idi5 di2 + idis 
?3 + ids -dio + idii -di2 + idis -id 



I COS 02 COS 01 COS 01 e 
- sin 02 e-'('^i-'"3) 
cos 02 sin 01 e-*^'^!-'^^) 

- cos 02 cos 01 sin 0i e-*^'^!-^!) 



-id\5 / 
sin 0; 



'2 cos 01 cos 01 e ^'^^ 
cos 02 

-sin 02 sin 0i e^^'^^-ag) 
-sin 02 cos 01 sin 0i e^^'^^-'^s) 

sin 01 cos 01 e-*^2 fAiSi-a^) 

cos 01 
-sin 0isin 0i e^^^^-^^) ^os 0i e*^i / 

(133) 
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so that 



(134) 



Co — {003^62 cos^Oi cos^4'i){id'j) + sin'^62{—id7 + idi^) 

+ {cos^92 sin^9i){—idi4^ + idi^) + {cos^92 cos^Oi sin^(j)i){—idi5) 
+ 2i{—sin $2 cos 62 cos 9i cos 4>i) [di sin (73 + ^4 cos 173] 
+ 2i{—cos^92 sin 9i cos 9i cos 0i) [d2 sin 02 + d^ cos (J2] 
+ 2i{—cos^92 cos^9i sin 0i sin 0i) [^3 sin ui + dg cos ui] 
+ 2i{sin 6*2 cos 6*2 cos 6*1 sm ^1) [ds sin (a2 — era) + dg cos (cr2 — era)] 
+ 2i{sin 92 cos 92 cos 9\ sin (f)i) [dio sin (cti — (T3) + dn cos (cti — a^)] 
+ 2i{cos'^92 sin 9\ cos 9\ sin 4>i) \di2 sin (ui — (72) + (^13 cos — (T2)] 
Independence of cq with respect to the angular coordinates requires 
zdr = —id-j + z(ii4 = —idi^^ + id\^ = —idi^ 

(Ti = (72 = (J3 = (135) 

d5 = de = dg = dii = dis = 

The remaining coefficients are di, 6^2, (iai f^Si dio and (ii2 and the fibre is restricted to a 
four-dimensional submanifold of 5^, SU{2) x U{1). Similarly, 

ci = di cos 9i cos 01 e'^i + sin 6'i e'^'^ + dig cos 9i sin 0i e"-^^ (136) 

which implies the vanishing of di, dg and dio, and 

C2 = d2 cos 6*2 COS (pi e^^^ + di2 cos 6*2 sin (pi e**^^ (137) 

which is independent of the angles if d2 — di2 — 0. Finally, 

C3 = ds cos 92 cos 9i e^^^ (138) 

so that independence with respect to the fibre coordinates can be achieved either by setting 
ds = or 6*1 —92 — Si — 0. The latter choice is obviously preferable as it still leaves 
a non-trivial action on the submanifold of the fibre parametrized by (pi , namely the action 
of U(l) on S^. 
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Independence of the homogeneous part of the gauge transformation with respect to the 
fibre coordinates follows from the relation 

i^J Lf^.^)_, = iL{yf exp{ds J3) [iL{y ■ 9)-')^ = (139) 

The remaining gauge symmetry is therefore associated with a U(l) gauge potential trans- 
forming as 

^ + {d^g)g-^ 

(140) 

10. Dimensional Reduction over Coset Manifolds and Residual Gauge Sym- 
metry 

The action of generalized gauge transformations on bundles with an S"^ fibre, and the 
residual gauge symmetries, have been studied in sections 5 and 9. These results can be 
compared with the dimensional reduction of 11-dimensional supergravity over M4 x S'^ [33] 
and dimensional reduction of superstring theory from ten to four dimensions [34]. 

Given a coset manifold S/R, dimensional reduction of the theory can be achieved 
automatically when all of the fields are required to be invariant under the group S. For a 
tensor field , with = {x,y), this implies that 



It has been shown that S-invariance of a field on M4 x S/R follows from R-invariance 
of the field at a designated base point [33] of the homogeneous coset manifold. When the 
coset manifold is 5^, and S is the group SU(4), then SU(4) invariance of a vector field 
V^{x,y), 

V''{x,g{y)) = ^^^^V^{x,y) (142) 
is equivalent to SU(3) invariance at the base point 

V-{x,o) = ^^^^\y=oV^{x,o) (143) 
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where h & R, the stabihzing group of the origin o. Consequently, the only unconstrained 
fields over the base space M4 are the SU(3) singlets. 

In this case, the decomposition of the adjoint representation of S into irreducible rep- 
resentations of R provides the gauge groups of the dimensionally reduced field theory. 
Denoting the isotropy representation of R by Ir, defined by an isomorphism of R into 
SO(N), where N is the dimension of S/R, the adjoint representation of S decomposes as 
ad S ad R ® Ir. When S = S0{8), 28 ^ 21 + 7 and when S = SU(4), 
15— > 8 + 3 + 3 + 1. The number of unconstrained gauge potentials is given by 
the number of R-singlets in Ir, or equivalently, the dimension of C(R), the centralizer of 
R in S. Consequently, dimensional reduction of an S-invariant gauge theory in M4 x S/R 
should give a theory with unconstrained gauge potentials on M4 transforming under the 
symmetry group C{R). When S = S0{8), this residual symmetry group only consists 
of the identity element, whereas, when S = 5't/(4), the symmetry group is U(l). These 
results are consistent with those obtained through the calculation of the transformation of 
the connection form in sections 5 and 9 respectively. 

In a modification of this technique, S-invariance can be extended to symmetric gauge 
fields which satisfy a generalized gauge invariance law [33] 

g{s,x) Ap g~^{s,x) + dpg{s,x)g~^{s,x) = ^^(s(a;)) J^(s, 

(144) 

s e S*, g{s, x) E G 

indicating that the potential is invariant up to a gauge transformation. If the initial 
gauge group is G, and K(R) is the homomorphic image of R in G, then after dimensional 
reduction, the gauge group is the centralizer in G of K(R) [33]. For different choices of G, 
the use of symmetric gauge fields leads to a wider variety of dimensional reduction schemes 
[33] [34] and therefore might be used to obtain larger residual gauge groups beginning with 
an invariance under S = SU (4). However, the choice of G would be somewhat arbitrary in 
general, and this represents a theoretical obstacle to the implementation of this procedure 
[35]. 

The necessity of dimensionally reducing a ten-dimensional SU(4)-invariant theory to 
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a four-dimensional SU(3)-invariant theory does arise naturally in the unification scheme 
described in §8. Moreover, it has recently been demonstrated that the strong-coupling 
limits of Type IIA theory and the Eg x Eg heterotic string are related to 11-dimensional 
supergravity compactified over Si [36] and ^ [37] respectively. Amongst the solutions to 
the d = 11 supergravity equations of motion are those with SU(4) symmetry, in which the 
metric on S"^ is obtained by stretching U(l) fibres over CP^ [38] [39]. Thus, this symme- 
try is specially selected in the higher-dimensional unified theories, and it only remains to 
dimensionally reduce these theories to four dimensions. While S-invariance of the fields, 
according to (141), is required for independence of the terms in the higher-dimensional ac- 
tion, automatically allowing for integration over the fibre coordinates, this only implies that 
the fields satisfy the condition of R-invariance at the origin o. R-singlets immediately cor- 
respond to unconstrained fields on M4, but the fields transforming under other irreducible 
representations of R may also be used to construct terms in the higher-dimensional action 
which may be dimensionally reduced, as integration over the fibre coordinates can be per- 
formed giving rise to an action on M4. Specifically, when S = <S'C/(4) and R = SU{3), 
amongst the non-trivial representations in the decomposition of ad SU (4) are those cor- 
responding to the SU(3) gauge field, which could also be included in the dimensionally 
reduced action. This would therefore provide a method for obtaining the QCD gauge the- 
ory for strong interactions in four dimensions from a higher- dimensional theory through 
the geometrical procedure of reduction over a coset space. 

In addition to this method for obtaining an SU(3) gauge theory, the results of a sys- 
tematic study of Lagrangians containing fields transforming linearly under a group R but 
nonlinearly under a larger group S [40] could be used in this case. Since it is known that a 
theory with fields transforming linearly under R can be shown to be equivalent to a theory 
with fields transforming nonlinearly under S, pure gauge fields on S/R may be added to 
gauge fields on R to obtain a Lagrangian with local gauge invariance under S [41]. Given an 
element of the coset space 4'o{x) e S/R, and gauge fields in the Lie algebra of R, A/j, e TZ, 
the pure gauge fields [41] are defined to be 

5^ = 0o(a:)(a^ + A^)(f>^\x) (145) 
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and the set {A^, B^} forms a nonlinear representation of S and the field content of an 
S-invariant Lagrangian. It may be noted that the extra fields are derived from scalar 
quantities and therefore resemble the coordinate fields of a higher-dimensional theory. 
Within the context of the nonlinear realization approach, the physical equivalence of the 
R-invariant and S-invariant theories follows from the elimination of the pure gauge fields by 
gauge transformations, whereas the dimensional reduction of a higher-dimensional theory 
produces a closely related but nevertheless distinct theory. The usefulness of pure gauge 
fields on coset spaces depends on whether the symmetry of the spin-one gauge field part 
of the ten-dimensional action in (104) is fully SU(4) or an SU(3) symmetry that is being 
viewed as SU(4) through the method of induced representations. 

In §8, the standard model was derived through an algebraic procedure for obtaining the 
gauge symmetry from the left action algebra acting on the tensor product M (g) C H O, 
which, in turn, is equivalent to the Clifford algebra associated with the Lorentz metric in 
R^'^. It was demonstrated in that section that this formulation of the model naturally 
led to the introduction of the group SU(4) as that part of the Lorentz group S0(l,9), the 
exponential of two- vector generators e^ab in -Ri.g, corresponding to O^,. The restriction 
to SU(3), however, required that extra conditions be imposed on the Clifi'ord algebra, 
and these arose as a consequence of certain properties that necessarily had to satisfied 
by the fermion terms. While derivation of the fermionic part of the standard model was 
presented in [32], inclusion of the spin-one gauge field action appears to begin with an SU(4) 
symmetry rather than an SU(3) symmetry. The geometrical methods studied in §5, §9 and 
in this section suggest a way of breaking the SU(4) gauge symmetry to SU(3) consistent 
with the higher-dimensional formulation and without introducing a scalar potential. These 
results therefore complement the algebraic procedure of §8 and provide further evidence 
for the derivation of the SU(3) symmetry from a higher-dimensional Lagrangian. Having 
established the origin of the local SU(3) symmetry, all of the gauge groups of the standard 
model can then be naturally included in a higher- dimensional theory, as SU{2) x U{1) 
directly corresponds to left action algebra of R (g) C (8) H, the remaining part of the tensor 
product T. 
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Although reduction over S'^ = SU{A)/SU{2>) has been considered exclusively thus 
far in this section, it may be noted that compactification of ten-dimensional superstring 
theories on six-dimensional compact spaces is also known to lead to a breaking of an SU(4) 
symmetry through an SU(3) subgroup. For example, one may consider the reduction of 
ten-dimensional supergravity to four dimensions when all of the fields are independent of 
the extra six coordinates y°^. The resulting N=4 supersymmetry is generated by 4 spinors 
transforming under the fundamental representation of SU(4). As they also transform 
as 1 © 3 under an SU(3) subgroup of SU(4), this invariance under this subgroup breaks 
the = 4 supersymmetry to A = 1, with the surviving supersymmetry being an SU(3) 
singlet [42]. Similar considerations apply to the breaking of £^8 to Eq^ useful for grand 
unification, in the compactification of ten-dimensional x E^ supergravity theories on 
Calabi-Yau manifolds with SU(3) holonomy. 

While the octonions and SU(4) can be immediately associated with the dimensional 
reduction of eleven-dimensional supergravity to four dimensions, it has already been men- 
tioned that they also arise naturally in the ten-dimensional setting used for superstring 
theory. Seven-dimensional Yang-Mills instantons based on the gauge group G2 [43] and 
eight- dimensional octonionic instantons [44] have been extended to heterotic string soli- 
tons. The bosonic sector of N=l, D=10 supergravity has soliton solutions interpolating 
between ten-dimensional Minkowski space and {AdS)'^ x 5'^ [45]. The free Green-Schwarz 
superstring can be formulated in three, four and six dimensions and a Lorentz covariant 
and unitary interacting Green-Schwarz superstring exists in ten dimensions [46]. These 
dimensions are necessary for local supersymmetry, which depends on F-matrix identities 
derived from the division algebras M, C, HI and O [47], corresponding to the transverse 
directions. Classical solutions of the equations of motion of the Green-Schwarz Lagrangian 
in D = 10 have been found by expressing ten-dimensional vectors as 2 x 2 octonionic matri- 
ces and 32-real-component Majorana spinors as spinors with four octonionic components 
[48]. These equivalences follow from the isomorphism »S'0(1,9) ~ 5'L(2, O) [49] [50], 
which is the last in a sequence of isomorphisms involving space-time and division algebras, 
S0{l,v+1) ~ 5L(2;K^), i/ = 1,2,4,8 [51]. 
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These isomorphisms can be used in the representation of space-time vectors as 2 x 
2 hermitian matrices and null vectors as fermion bilinears [51]. The null vector is 
equivalent to 

& li) ("^^ 

where A = (^)' ^^'^^^ determinant of this matrix, which equals P^P^, vanishes, 
must lie on the forward light cone. Lorentz transformations on the space-time vector P^ 
can be regarded as SL{2,Ki,) transformations on AAt derived from the multiplication of 
SL{2,Kjy) matrices and the spinor A [32]. 

The space of light-like lines at a point in ten dimensions is and the above equivalence 
implies that it can be represented as the set of spinors A modulo transformations which 
leave AAt invariant. These transformations form the algebra S"^ and the action on the 
space of light-like lines is given by the Hopf fibration S^^ [51]. This construction has 

also been extended to the action of S'^ on the physical twistor space J^f C OP^ [52] and the 
S"^ Kac- Moody algebra S"^ [53], which arises as a symmetry algebra of the twistor-string 
theory [54] and the light-cone superstring [55] . 

The solution in §6 to the problem of the fibre coordinate dependence of the trans- 
formation rule of the connection form for a general bundle and the enlargement of the 
symmetry of the theory based on octonions in §7 imply that a Lie group structure is nec- 
essary for a pure gauge theory. While supersymmetrical light-like lines have been used in 
ten-dimensional super- Yang-Mills theories to integrate the constraint equations [56] and 
an S'^ symmetry on the space of light-like lines exists, the fact that the vector bosons in 
the standard model must be components of a Lie-algebra-valued potential indicates that, 
initially, division algebras can only be used in the organization of the fermion multiplets in 
a unified description of elementary particle interactions. The work of [32] briefiy described 
in §8 shows that this novel, and perhaps preferable, formulation of the standard model can 
be achieved, with an immediate connection to the Clifford algebra Ri^g and the Lorentz 
group SO (1,9). 

A point of even more significance for the problem of force unification is that matter 
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must be classified into multiplets with components taking values in the division algebras. 
Basing the fermionic part of the standard model on the spinor space T = ]R(8)C(8)]HI(8)0, it 
may be noted that the amplitudes for elementary particle interactions typically involve the 
product of two fermions ipi, ip2 and a vector boson at the vertices of the perturbative 
diagrams. If the fermions took values in an algebra other than R, C, H or O, this amplitude 
could vanish because there would then exist ipi, V'2 7^ such that ipi • ip2 = 0. When 
fermions take values in IR, C, H or O, 

i^i-i^2^0 (147) 

if V'l ^ and V2 ^ 0. 

The vector boson, the carrier of the force, is initially massless when the gauge symmetry 
is unbroken and its momentum vector can be expressed as a spinor bilinear as above. This 
also suggests that it might be possible to relate the gauge potential itself to a spinor bilinear 
as one would expect from the diagram representing the interaction. Since the potential 
belongs to the adjoint representation of the gauge group, the symmetry groups of the 
theories describing the elementary particle interactions would then be determined by the 
fermions. The restriction of the fermions to the division algebras should then provide a 
theoretical principle for explaining the types of gauge groups that appear in the standard 
model. The groups which act most naturally onT = M0C(8)]H[(g)O are those which are 
subgroups of the adjoint left algebra Tl{2) ~ C(32) or the Clifford algebra -Ri,9. These 
considerations lead to the subspace of two-vectors of -Ri,9, so(l,9), Oi,, so(6) ~ su{4:), and 
Cl ® Hi, su(2). This approach might therefore provide a deeper insight into the different 
types of matter presently known in elementary particle physics and their interactions. 

11. An Application to Quantum Principal Bundles 

The concepts of principal bundles and gauge transformations can be generalized using 
quantum groups. The bundle P = P{B, A) is a quantum principal bundle [20] with 
quantum structure group A and base B if 
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(i) A is a Hopf algebra with co-product A : A ^ A (S) A, co-unit e : A ^ k, and an- 
tipode map S : A ^ A. 

(ii) (P, At^ : P ^ P ® A) is a right A-co-module algebra 

(iii) B = P"^ = {ueP : Aru = u®1} 

(iv) (• (8) id){id (g) Ar) -.P^P^P^A is & surjection 

(v) ker^ = Tfior where Thor = Pj(^B)P C Fp, with j : QB ^ QP being an inclusion 
and Tb being the space of one-forms on B, and ~ = (• o (id® A_r)|p2 : Tp — > P(g)^. 

Although the Hopf algebra acts on the co-module algebra P in the principal quantum 
bundle, the map {■ ^id){id® Ar) : P®P ^ P®A descends to an isomorphism P ®b P ^ 
P ® A. By analogy with classical bundles, the action of ^4 on P in a quantum principal 
bundle is determined locally by the action of the quantum group on itself or the space of 
polynomial functions on this group, which is essentially its dual [57]. 

The polynomial function space for a group such as SU(N) is generated by the set 
of coordinate functions u'j : g ^ where g^ is the (i,j)th matrix element of g in the 
fundamental representation. Similarly, for a quantum group W, its dual A is generated by 
the non-commutative coordinate functions Uj :U ^ C and the co-product is defined to be 
Auj = u\<SiUj. This suggests that one can choose the operation of left multiplication to 
be a map from ^ to ^ 



(148) 

Lg = {id(S) \g)) o A 
and the operation of right multiplication is a map from A to A defined by 

Rg : u] {ul,g) u) 

(149) 

Rg = {\g)<Siid)oA 

where ( , ) represents the inner product between elements of the quantum group U and 
its dually paired Hopf algebra A, so that {uj,g) = gj e C. Thus, LgUj = g^u\. implying 
the following rule for left multiplication 

LgL~g u) = gfg]ui = Lg~gu) (150) 
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Similarly, for right multiplication, RgRg = Rgg- Thus, the noncommutative function 
spaces, A = C{u^j) / {R12U1U2 — U2U1R12) are dually paired to the quantum groups 

\ 1 - 1 / 



U = — ± i 'i ± — , where the /if' are the generators of the universal enveloping 

(fll2'J'j;-'^'jRl2) 

algebra of the quantum group in the Chevalley basis [58] . The inner products satisfy 

(4,/+^) = = 

{ah, c) = {a®h, C(i)®C(2)) (151) 
(a, cd) = (a(i) (g) a(2), c (g) d) 

The adjoint action on a Hopf algebra is taken to be a map Adu : A ^ A iS) A, 
Adii{a) = X]^(2) ® (<S'a(i))a(3), a & A. An adjoint action can also be defined as a 
map from A to A 

Ads{g)a = (a(i), a(2) {a^s), S{g^2))) = ^5(^(1) (^(i), = RgLg-i 

(152) 

g eU, ae A 

Given multiplication in the quantum group U, it follows that if one considers a left 
translation from y to y' — g ■ y, 



RyjfRgjf — Ry'if — Ly' ^ Adgf^yi^ (153) 

for tangent mappings [59] induced by transformations from the Hopf algebra A to A, 
whereas a right translation from y to y' = y ■ g implies Ly^Lg^ = Ly/^. It follows 
that, for a specific choice of parallelism, such as that defined by left multiplication, on the 
standard fibre in the quantum principal bundle, transformations in the structure group 
should only be defined using right translations rather than left translations on the Hopf 
algebra. Moreover, if the connection forms are required to take values on the base space 
subalgebra B, then the group of gauge transformations is an automorphism group acting 
on the total space P, which preserves the base space B. Previous considerations of the fibre 
coordinate dependence of the connection form transformations imply that it is this group 
which must necessarily be used in the definition of gauge transformations in the quantum 
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principal bundle [20]. In the classical limit, for principal bundles, the automorphism group, 
the structure group and the standard fibre all coincide. 

Specifically, if /? : ^ — > Fs is a linear map such that = 0, 

uj{a) = ^$-\a(i))j(/3(a(2))$(a(3)) + Y.^'^^'^W^^M (1^4) 

is a connection one-form in the principal bundle P(S,^,$) having a trivialization $ : 
A ^ P [20]. Given two linear maps /i and /2 on the quantum group lA from A to 
the convolution is g — fi* /2, where g{a) — ^ /i(o(i))/2(«(2))- If 7 : A — S is a 
convolution invertible map such that 7(1) = 1, then the connection form (85) transforms 
as 

^7 = + (155) 

under a change of trivialization $ — > [20] . 
12. Conclusion 

It has been shown that elimination of the fibre coordinate in the transformation rule 
of the connection form in bundles with a structure group larger than the standard fibre, 
and in particular for bundles with the structure group given the isometry group of the 
standard fibre, leads to restrictions on the bundle. For the 5"^ bundle, the allowed group 
of gauge transformations is reduced from the isometry group SO (4) to SU(2). For the 
S'^ bundle, not all of the conditions deriving from fibre-coordinate independence can be 
satisfied, so that the transformation rules retain a dependence on the fibre coordinate. 
The requirement of independence with respect to the coordinates of the entire S"^ fibre 
leaves no residual gauge symmetry beginning with an SO (8) structure group and only a 
U(l) symmetry starting with an SU(4) structure group. Similar conditions can be placed 
on the structure group and gauge transformations in quantum principal bundles. It is 
established that a Lie group structure is required for the pure gauge theory and that any 
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application of the division algebras to force unification must initially be restricted to the 
organization of the fermions multiplets in the standard model. Nevertheless, this suggests a 
theoretical principle which distinguishes the specific gauge groups that do arise in theories 
of elementary particle interactions. It has been noted that the fermion part of the standard 
model can be based on the spinor space T = M(8)C(8)]HI(g)0, and the necessity of the 
division algebras in the organization of the fermion multiplets is explained. Amplitudes 
for elementary particle interactions typically involve the product of two fermions i/ji, ■02 
and a vector boson at the vertices of perturbative diagrams, and their non-vanishing 
follows directly from the fermions taking values in the division algebras. Since the unified 
theory is initially formulated in ten dimensions, the masslessness of the vector boson when 
the gauge symmetry is unbroken implies that the momentum vector can be expressed 
as a spinor bilinear as above. Relating the gauge potential itself to a spinor bilinear, the 
symmetry groups of the theories describing the elementary particle interactions would then 
be determined by the restriction of the fermions to the division algebras. As the exchange 
of intermediate string states describes the exchange of vector bosons in the field theory 
limit, this approach points toward a connection between the geometry of the internal 
symmetry spaces arising in the standard model and superstring theory, leading to the 
selection of a vacuum associated with realistic phenomenological gauge groups. It remains 
to be shown that the cancellation of anomalies can be preserved in this new approach to 
the theory. The mechanism for the cancellation of anomalies probably can be established 
within the twistor string and Green-Schwarz formalisms, where the division algebras and 
gauge groups arise naturally. 
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Appendix 



The Lagrangian for pure Yang-Mills theories is 

Tr{F,^Fn = -\f;,F^>^^ TriT'^T') = -\ Tr{F^,F'n ^^^^^ 
F-, = d^Al - d^A- + r'-A^At 

where /"^"^ are structure constants of the Lie group. The pure Yang-Mills action 

d^x Tr{FAF*) is bounded by the functional, d'^x Tr{FAF), given by the second 
Chern class for a principal bundle in the expansion 

c(f2) = Det(I+^n) = 1 + ci(f)) + C2(f2) + ... 

ZTT 

Co = 1 

Cl = ^Tr n (157) 

C2 = [Tr n A n - TrnATrn] 
Stt 



where Q is the curvature form. While the second Chern class may be generalized to 
the manifold S"^, the analysis of §5 shows that a similar generalization of the Yang-Mills 
functional may not be invariant under gauge transformations of potentials taking values 
in the tangent space at a chosen origin of 5^. 

For a Lie group, the fermion term 

= iMl^afsid^, + igAlT'')'^^ (158) 

assumes that the generators can be expressed in matrix form. Since the octonion algebra 
is not a group, it cannot be mapped isomorphically onto a matrix algebra. 



As an example [60] of the problems that arise in a matrix representation of the octonions, 
let X, Y, A e M3 where M3 = {3x3 traceless matrices over a field F} with 
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It A3 ^ 0. Define 0(X) = and 



{X,Y) = (l>{X)(l>{Y) + -^{Tr{XA)Tr{YA) -2 Tr{XAYA)} 



1 

XoY = <p{X)Y + <p{Y)X - (X,y)A + /3{[Xy,A] -0([X,y,A])A} 
[X,Y,A] = ^{[X,Y]A + [Y,A]X + [A,X]Y} - ^Tr{XYA - AYX)E 



(159) 



p e F E = diag{l, 1,1) 

Consider the Gell-Mann matrices Aj, j = 1,...,8 with product relations 

2 A 
AjAfc — -SjkE + y ^{djki + ifjki)^i 

1=1 (160) 

1 i 
djki = -Tr{Xj{Xk,\i}) fjki = --Tr{Xj[Xk,Xi]} 

and inner products 

{Xj,Xk) = -p\2V3dsjj-l)5jk (j,A;^8) 

8 

Xj o Xk = —{Xj,Xk)A + 2i(3fik8X8 + VSi(3 '^2\.fjkidi8p + fksidijp + fsjidikplXp 

i,p=i 

with A = VsXs 

(161) 

Setting eo = A = VSXs, ej = -^Xj,j = 1,2,3, cj = -^Xj,j = 4,5, and 
Cj = ""^^'^i; J = 6, 7 it follows that {ej, Ck) — Sjk and 

7 

ej o cfc = -Sjkeo + ^ ajfe^e/ (162) 

1=1 

which represents the octonion algebra. 

Thus, octonions may be represented by traceless 3x3 matrices and they act on 
via matrix multiplication. However is probably not a bimodule for O as both left and 
right multiplication by the octonions must be defined and the following identities should 
be satisfied 

Ra2 = Rl ^ Ll Va e O 

(163) 

Raob — RbRa = —[La-,Rh\ -^'oob " -^'o-^'b = [La-,Rh\ \/ a, b E O 
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where Ra, La are linear operators given by m — > Ram = ma and m — > L^m = am for 
all m e C^. Right multiplication can then be defined as V'' = ip A or ip''^ = ip'^ so 
that 

^2 ] ^ \ '^IsV'l + 0-22^2 + as2^3 (164) 
1^3 / \ai3lpi + a23i)2 + 0.3311)3 ) 

An second possible definition exists if a non-standard matrix multiplication rule is used. 
However, in both cases, the representation is not faithful because i?eoV' ip ^ 
Co = diag{l, 1, —2). The significant point is that La{Lijip) should be related to Laobfp'i 
otherwise, one is considering a 3 x 3 matrix algebra with no reference to the octonions. 

Despite this lack of a faithful matrix representation of the octonion algebra, the principle 
of triality can be used to define products elements between the 8-dimensional vector space 
M representing the octonions and the two spaces of even and odd half spinors. Following 
the treatment of Chevalley [61], if Q is a quadratic form on O, Sp and Si are the spaces of 
even and odd half-spinors for Q, and p denotes the spin representation of the corresponding 
Clifford group F, there is bilinear form P on S x S, where S = Sp + Si, such that /? is 
symmetric, vanishes on Sp x Si and Si x Sp and its restrictions to Sp x Sp and Si x Si are 
non-degenerate. Defining the space A — M x S, a law of composition in A can be defined. 
Let 

HC,V,0 = F{C + r^ + C) + F{0 + F{r^) + F{C) 

- m + v) + F{rj + + F(C + 0] (165) 

F{x + u + u') = j3{p{x) ■ u,u') 
Then a; = ^ o is defined by $(^, 77, C) = A(^ o 77, where 

A{x + u' , x' + u') = B{x,x') + (3{u,u') (166) 

where B is a bilinear form on M x M. One finds that (^, ?/) — > ^077 is the law of composition 

of a nonassociative algebra on A. In particular, M o Sp C Si, M o Si C Sp and SpO Si C M 

and, by the principle of triality, there is an automorphism J of order 3 of the vector space 

A , which maps M onto Sp, Sp onto 5"^ and Si onto M, and a law of composition on M x M 

representing the algebra of octonions 

x*y = {x o u'l) o {y o ui) 

(167) 

ui e Sp, 7(tti) = 1, Ui = xioui, Q{xi) = 1 

58 



where 7 is a quadratic form on S given by 7(14 + v) = 7(14) + ^(v) + P{u,v). This 
composition law also suggests a method for combining two elements of the space of spinors 
S and obtaining an element of M. This product could then be used to construct the fermion 
term in the Lagrangian, which is essentially a bilinear product of two spinors. A similar 
approach to fermions and octonions has been made in an analysis of products of vertex 
operators in superstring theory [62] . 
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